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Abstract. This paper stresses the strong link between the existence of partial 
holomorphic connections on the normal bundle of a foliation seen as a quotient 
of the ambient tangent bundle and the extendability of a foliation to an infin- 
itesimal neighborhood of a submanifold. We find the obstructions to extend- 
ability and thanks to the theory developed we obtain some new Khancdani- 
Lchmann-Suwa type index theorems. 



Introduction 

Localization of characteristic classes is an important tool in differential geometry, 
topology and dynamics in particular for complex dynamical systems ICaSaj . In 
this context many different indexes have been developed during the years: among 
them the Baum-Bott and the Camacho-Sad indexes. A global framework for this 
theory has been provided by Suwa and Lehmann Su : the fundamental principle 
is that the existence of a flat partial holomorphic connection (called a holomorphic 
action in |Suj ) implies the vanishing of the Chern classes associated to some vector 
bundles. Suppose we are working on a compact manifold M and we have a partial 
holomorphic connection outside an analytic subset E of M. We can localize these 
Chern classes to E and, using Poincare and Alexander duality, define the residue of 
the characteristic class at E (a short account of this process is given in section [7]) . 

Now, at least two different research directions arise: to adapt such a theory to 
singular manifolds and submanifolds LeSul , Le Su2| , or to try to develop new van- 
ishing theorems. This paper falls into the second group. As we said such vanishings 
theorems arise when we have the existence of partial holomorphic connections; this 
is the case when we have a holomorphic foliation which leaves a submanifold S 
invariant. This gives rise to index theorems for Njr\ s , the normal bundle of the 
foliation seen as a quotient of the tangent bundle of the submanifold (Baum-Bott 
index), N$, the normal bundle to the submanifold (Camacho-Sad index) and Nf\s 
the normal bundle of the foliation seen as a quotient of the ambient tangent bundle 
restricted to S (Kahnedani-Lehmann-Suwa or variation index IKaSuj . fLeSulj ). The 
fundamental reference on all these topics is |Suj . 

The same tecniqucs allow to prove other index theorems, even if the holomorphic 
foliation is transverse to the submanifold, as the index theorem for the bundle 
Hom(j r , ATg), which gives rise to the tangential index |Ho) . 

In the last years, a new theory was developed also for endomorphisms of a 
complex manifold leaving a submanifold pointwise invariant .ABT] and the case 
of foliation transverse to a submanifold in the Camacho-Sad and Baum-Bott case 
ABT2J, Ca , CaLc , CaMoSa . The key to the existence of partial holomorphic 
connections is the vanishing of the Atiyah class, a cohomological obstruction to the 
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splitting of a short exact sequence of sheaves of Os-modules |Atij . In the paper 
ABT2] the Atiyah sheaf for the normal bundle of a submanifold was described in 
a more concrete way, giving new insights to the problem. Further developments as 
ABT3 showed the strong connection between the existence of partial holomorphic 
connections for N$ and the "regularity" of the embedding of a subvariety. 

In section [2] of this paper we find a more concrete realization of the Atiyah sheaf 
for the normal bundle of a foliation seen as a quotient of the ambient tangent bundle 
and study some sufficient conditions for the existence of a more general variation 
action. First of all in section [1] we define what a foliation of the k-th infinitesimal 
neighborhood of a submanifold is and prove some Frobenius type theorems for such 
foliations, which give us the possibility of choosing atlases with some particular 
structure; in these special atlases, it is clear that the existence of a foliation of the 
first infinitesimal neighborhood is the key to the existence of partial holomorphic 
connections on the normal bundle of a foliation seen as a quotient of the ambient 
tangent bundle. Therefore, to generalize the variation index we have to find folia- 
tions of the first infinitesimal neighborhood: with this aim we study the problem of 
how to "project" a transversal foliation to a tangential one, using first order split- 
ting (section [3]) and how to extend a foliation of a submanifold S to an infinitesimal 
neighborhood (section [4]). Moreover, thanks to the new realization of the Atiyah 
sheaf, we develop in section [5] a result about non-involutive subsheaves of 7s which 
extend to the first infinitesimal neighborhood. This gives us informations about 
vanishing of the characteristic classes of the involutive closure of their restriction 
to S (the smallest involutive subsheaf of 7s containing it) and some more results 
regarding the extension problem. Thanks to the machinery developed we can then 
prove some new index theorems, generalizing the Khanedani-Lehmann-Suwa action 
and compute their indexes is some simple cases. 

Acknowledgements. The article is part of the author's Ph. D. thesis work 
and he would like to thank Professor Marco Abate, his advisor, for his thoughtful 
guide and many useful advices and hints, Professor Tatsuo Suwa for many precious 
conversations, his patience and his wisdom, and Professor Filippo Bracci for an 
important suggestion. The author would like to thank Prof. Kioji Saito and the 
Institute for the Physics and Mathematics of the Universe, Kashiwa, Japan and the 
International Centre for Theoretical Physics, Trieste, Italy for the warm hospitality 
and wonderful research enviroments offered to him. The author would like also to 
thank GNSAGA, for the help in funding his mission to Japan. 

Notation and conventions 

In this paper we are going to use the Einstein summation convention. To ease 
the understanding of the computations the indexes are going to have a fixed range. 
In this paper, M is a n-dimensional complex manifold, S a complex subvariety of 
codimension m and J 7 a dimension I holomorphic foliation of either M or S, with 
I < n ~ m. Then the indexes are going to have the following range: 

• h, k will range in 1, . . . , n, these are the indexes relative to the coordinate 
system of M; 

• p,q will range in m + 1, . . . , n, in an atlas adapted to S (see definition 10. ip : 
these are the indexes relative to the coordinates along S; 

• r,s will range in 1, . . . , m, in an atlas adapted to S 1 ; these are the indexes 
relative to the coordinates normal to S; 

• i, j will range in m + 1, . . . , m + I, in an atlas adapted to J 7 (see definition 
11.8)1 : these are the indexes relative to the coordinates along J 7 ; 

• u, v will range in 1, . . . , m, m + 1 + 1, . . . , n, in an atlas adapted to J 7 ; these 
are the the indexes relative to the coordinates normal to J 7 . 
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In case we shall need more indexes of each type, we shall prime ' them or put 
a subscript, e.g. r\. We shall denote by Om the structure sheaf of holomorphic 
functions on M, by Is the ideal sheaf of a subvariety S and by Ig its fc-th power 
as an ideal. If / is an element of Om we will denote by [/]fc+i its image in Os(k) '■— 
Om /^s +1 - Moreover we denote by Jm and Ts the tangent sheaves to M and S 
respectively, where defined. The following is a definition we will use through the 
whole paper. 

Definition 0.1. Let U be an atlas for M. We say that U is adapted to S if on 

each coordinate neighborhood (U a ,z\, . . . , z™) such that U fl S is not empty, we 
have that S n U a = {z„ = . . . = z™ = 0}, where m is the codimension of S. 

1. Foliations of fc-TH infinitesimal neighborhoods 

In this section we shall define and develop a theory for foliations of fc-th infini- 
tesimal neighborhoods. We are going to use the notion of logarithmic vectors field, 
introduced in |Saj . The sheaf of these vector fields can behave badly if the subva- 
riety S they leave invariant is non regular. In the rest of the section S is assumed 
to be a submanifold. 

Definition 1.1. The fc-th infinitesimal neighborhood of a complex submani- 
fold S is the ringed space (S, Os(k) ) > where by Os(k) we denote the quotient sheaf 

M /l k s +1 - 

Definition 1.2. A section v of 7m is called logarithmic if v(Is) Q Is- The 
sheaf 7Af(log5') := {v £ 7m I v(Is) C Is} is called the sheaf of logarithmic 
sections and is a subsheaf of 7m- The tangent sheaf of the fc-th infinitesi- 
mal neighborhood, denoted by Ts{k) i is the image of the sheaf homomorphism 
7m (log S) ®om Os(k) — * Tm®om Os(k) an d is a sheaf on S. We will say that a 
section v £ Ts(k) 1S tangential to the fc-th infinitesimal neighborhood. 

Remark 1.3. If a point x does not belong to S, the stalk 71\/(log S) x coincides with 
7m, z- Suppose we have an atlas adapted to S, if x € S the stalk 7ji/(log5) x is 
generated by 

r _d_ _d_ 

Z dz s ' dzP' 
Then a section v of Ts(k) ^ s written locally as: 

d d 
v = [a r ]k+i-^: + [a p ]k + i—, 

where the a r belong to Is ■ 

Remark 1.4. In the following, given a section v of 7s(fc) an d an open set U a of M 
intersecting S, we shall denote by v a a local extension of v to U a as a section of 
7a/(C^q); given an atlas adapted to S it is possible to build such an extension on 
each coordinate chart. If the open set is clear from the discussion we shall denote 
the extension simply by v; please note that such an extension is not only a section 
of 7m (U a) but also a section of 7m (log S)(U a ). Taken an extension v, denoted 
by [l]fe+i the class of 1 in Os(k){U a ) we shall denote its restriction to the fc-th 
infinitesimal neighborhood by: 

V <g> [l]fe+l. 

We will prove in Lemma 11.51 that this notation is consistent with the fact that the 
sections of Ts(k) ac t as derivation of Os(k)- Moreover given two open sets U a and 
Up such that U a fl Up fl S ^ and taken two extension v a and vp respectively it 
follows from the definition that on U a fl Up we have the following equivalence: 

(1) V = V a ®[i\ki+l=Vp®[i\k+l. 
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Lemma 1.5. The sections o/7s(fe) ac t as derivations ofOs(k)- Furthermore, given 
two sections v,w o/7s(fc); their bracket, defined on each coordinate patch U a such 
that U a H S ^ as 

[v,w] := [v a ,w a ] <8> [l]fe+i, 
where the bracket on the right side is the usual bracket on Tm> is a well defined 
section ofTs(k)- 

Proof. Let v be a section of Ts(k) an( i / a section of Os(k)- Let U a and Up two 
coordinate patches of an atlas adapted to S such that U a hUp(lS ^0. On £/ Q we 
take representatives /i and f 2 of / and an extension v a of u. We define: 

«(/) : = «a(/l) ® [l]fe+l = [«a(/l)]k+l- 

We check now that this does not depend on the extension chosen for /: 
Va(h) - v a (h) = v a (fi - / 2 ) = v a (h ru ..., rk+1 z ri . ..z Tk+1 ). 
Since v a is logarithmic, then 

v a {h rij ... t r h+1 z 1 . . . z fc+1 ) G 2Tg + 

and 

(«a(/l) - «a(/2)) ® [l]fc+l = [0]fe+l. 

Now, let v a and v' a be two extensions of v. Suppose Wi t a, ■ ■ ■ ,w n , a are generators 
for Tm{Uo). By definition: 

v a -v' a = g h a w h . a , 
with g^ e lg +1 for each h=l,...,n. Then: 

(«a " V' a )(fl) ® [l]fe+l = S£tfifc,a(/l) ® [1]*+1 - tOfc,a(/l) ® [ff£]fc+l = [0]fc+l- 

This implies also that if we take extensions v a and and representatives f a and 
for / on U a and Up respectively we have that on U a P\Up, the derivation is well 
defined. 

We prove now the bracket is well defined; if u and v are sections of Ts(k) the 
bracket is: 

[u,v] = [u,v] ® [l]fe+i. 
If u\, u 2 are two extensions of u and 5i, v 2 are two extension of w then 
■Oi] - [u 2 ,v 2 ] = [ui,Vi] - [ui,v 2 ] + [ui,v 2 ] - [u 2 ,v 2 ] 
= [iii,vi - v 2 ] + [ui - u 2 ,v 2 }. 

As above, we have that 

Ul - U 2 = g'aWh,a, V\ - V 2 = t h a W h . a , 

with g%,t a € ?s +1 for cver y h- Then: 

[ui,Vi - V 2 ] + [ui - U 2 ,V 2 ] = [ui,t*Wh,a] + [gaW h , a ,V 2 ] 
(2) = Ul(ta)Wh,a + ta[til,W hta ] - V 2 {g^)Wh,a + 9a [wh.a , V 2 ] ■ 

Since both v\ and u 2 are logarithmic, the restriction to the fc-th infinitesimal neigh- 
borhood of © is 0. □ 

Therefore, the following definition makes sense. 

Definition 1.6. A regular foliation of S(k) is a rank I coherent subshcaf T of 
7s(fc) i such that: 

• for every x € S the stalk Ts{k) I Fx is Os(k),x-^ Ge 'i 

• for every x € S we have that [Fx, Fx] Q Tx (where the bracket is the one 
defined in Lemma 1 1. 5ft ; 

• the restriction of T to S, denoted by T \s> is a rank I foliation of S. 
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Remark 1.7. Please note that the third condition is a simplifying condition: in the 
paper [Br] a lot of work is devoted to clarify and explain the concept of extension 
of a foliation and our definition is a particular case. We want to avoid the following 
situation: let U be an open neighborhood of the origin in C 2 , with coordinate 
system (z 1 ,^ 2 ) and let S — z 1 — 0. We take a subbundle of 7s(i) generated by 
[z^d/dz 1 , d/dz 2 . Clearly, it is involutive with respect to the bracket defined above, 
but its restriction to S gives rise to a rank 1 foliation. 

The main tool of this section is the Holomorphic Frobenius Theorem, whose proof 
can be found e.g. in [Sui pages 38-42]. Lemma H. 101 is a tool we use in proving the 
Frobenius Theorem for foliations of the fc-th infinitesimal neighborhood. We give 
the proof after a definition. 

Definition 1.8. Let S be a codimension m complex submanifold of M, a complex 
n-dimensional manifold. Let J 7 be a rank I regular foliation of S. We say that an 
atlas {(U a , z x a , . . . , z™)} is adapted to S and J" if 

• I7 a n S = {4 = ••• = *? = 0}, 

• Titans is generated by d/dz™ +1 \ s , . . .,d/dz™ +l \ s . 

Remark 1.9. The existence of such an atlas follows from the Holomorphic Frobenius 
theorem cited above. 

Lemma 1.10. Every regular foliation J 7 of S(k) admits a local frame which can be 
extended locally by commuting vector fields, i.e., for every point i£S there exists 
a neighborhood U x of x in M and commuting sections w m+ i, . . . , w m+ i of 7m on 
U x such that Wi := u>i ® [l]fe+l are generators of J^{U X (1 S). 

Proof. Let x be a point of S, we take a coordinate patch (U, <f>) centered in x, 
adapted to S and T \s- Let {vi} be a system of generators of J 7 in U H S and {vi} 
be vector fields extending them. Call V the distribution spanned by the u,'s. We 
complete the frame {vi} to a frame {wfc} of 7m, taking as Vt the coordinate fields 
d/dz 1 . Now, we choose holomorphic functions ff such that: 

rh 9 

Please remark that the matrix A := (f^) is a matrix of holomorphic functions 
acting on the right: 

d _d_ 

dz 1 ' ' dz ri 

By hypothesis we know that A is non singular in x, so there exists a neighborhood 
(still denoted by U) of x such that this matrix is invertible with inverse a matrix of 
holomorphic functions. Let (gfy be its inverse matrix. We define Wi = gfvj and we 
denote by Wi :— Wi ® [l]fc+i- Each one of the wis belongs to the module generated 
by w m +i, . . . , v m +i therefore each uii belongs to 7s(fe)- This implies, thanks to 
Lemma 11.51 that 



■A. 



[wi,w 3 } = [wi,Wj] ® [l]fe+i = [g\ Vi^gj Vj>] (g> [l]k+i e T . 

We claim now that the Wj generate V and therefore, when restricted to S(k) gen- 
erate J 7 . Let 7r be the projection (z 1 , . . . , z n ) i— > (z m+1 , . . . , z m+l ) and LI = it o cf>. 
We have: 

n,(tso = n.(iso + rfn.(A) =u^v k ) = n.(^) = ^, 

so the iDj generate I?. Moreover, by naturality of Lie brackets, we have that 
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The mapping II* induces a map IF ^ : 7m ® Os(fe) — ^ Cs(fc)' §i v ^n by: 

n* ;fe (w <g> [i]fe+i) = n*(w) <g> [i]fe+i. 

This map is injective when restricted to J 7 ; since [wi, Wj] <G T and Tl* t k([wi, Wj]) = 
we have that [wi, Wj] = 0. We want now to modify the w^s to obtain I independent 
commuting sections of J 7 , without changing their equivalence class. Therefore, we 
look for extensions of the w^s which satisfy the thesis of the theorem, proceeding by 
induction on the number of sections. If I' — 1, we can take any extension of w m+ i 
(every vector field commutes with itself). Suppose now the claim is true for I' — 1 
sections. Then, by the Holomorphic Frobenius theorem there exists a coordinate 



chart adapted to S in which w m+ i = d/dz 



m+l 



. W, 



= d/dz"* 1 '- 1 . Now, 



since the Wi are commuting when restricted to S(k), if 

^ + [nk+1 dz 



d d 
w m +i> = [g v ] k +i-K-^ + [f ]fc+i- 



wc have that: 



[0]fc+i = 



d[g" 



fe+i d ( dif^k+i 



+ 



d 



dg v 



dz l 



fc+i 



d 

dz v 



+ 



dp 



dz l 



fe+i 



dz l dz v dz l dzi 
where i ranges inm + l,...,m + /'-l. The last equality tells us that: 
dq v d P 



d 

dzi' 



dz i 



■z rk + 1 h v 



dz 



= z ri ---z rk + 1 h J r . u 



We have to find g v , fi representatives for the classes [g v ]k+i\P]k+i such that 

dg^_d_ d.P d 

dz 1 dz v dz 1 dzi 

We do that for one of the g v 's, the method applies to all the other coefficients. 
Now, g» = g v + z^ ■ ■ ■ z r ^h ri ,...,r k+1 , 

dg v dg v 



so 



dz 1 dz' 



+ z' 



r k + l . 



dhl. 



z ri ■■■z r «^h v ru 



dz 1 

+ z ri ■■■z r "+ 1 - ri -' r "+ 1 



,»•*+!, « Q z i 

Therefore, the problem reduces to find a primitive h'l i J . k+i for the 1-form 

W : = -K u ...,r k+1 , t dz\ 

where the other coordinates are considered as parameters. If we denote by d the 
holomorphic differential and supposing, without loss of generality, that U is simply 
connected and centered at x € S (i.e. <fr(x) = 0) we have, by the Holomorphic 
Poincare Lemma, that this primitive exists if and only if cu is closed. Therefore we 
need to check that the mixed partial derivatives coincide: 

d 2 9 v d 2 g v 



?r k +i_ ri > 



,rk+i, 



dzi dz^dz 1 dz % dzi 

Then, the primitive exists and is defined in U by: 



dh v n 



,r k +i,J 



dz 1 



,r k+1 ( Z t--i z )— / K. 1> rk+li dz l , 



where 7 is a curve such that 7(1) = (z z n ) and 7(0) = 



□ 



As a simple consequence of the Lemma, we have the Frobenius Theorem for fc-th 
infinitesimal neighborhoods. 
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Corollary 1.11 (Frobenius Theorem for fc-th infinitesimal neighborhoods). 

Suppose S is a non singular complex submanifold of codimension m in a complex 
manifold M of dimension n and suppose we have a foliation J 7 of S(k) of rank I. 
Then there exists an atlas {U a , cj) a } adapted to S such that ifU a nUpnS^$ then: 

~ dzi ] =0, 

fc+i 

= l,...,l on U a riUp. 

Proof. We take an atlas adapted to S and extensions u>i ta as given by Lemma 
11.101 By the usual Holomorphic Frobenius theorem, there exist a coordinate system 
(modulo shrinking) on U a such that 



(3) 
for t 



1. 



. , m, m + 1 + 1, 



. . , n and i 











g z m+l ■ 



We take such coordinate systems. Since we are dealing with a foliation of S(k), we 
know that if U a fl Up l~l S ^ and J 7 is generated on each U a n S by w\, a , . . . , wi iCC 
we have that Wi. a = [(cap)i]k+l w j,p- Hence: 
<9z* 



w it0 ® [i]fe+i(4) = ^AA) = Wi\k+iWjA zt a ) 



fe+i 

= [cl] k+ iWj ta 



[l]fc+l(4) = Hh+l 



_dz J a 



k+l- 



k+1 



□ 



Remark 1.12. It is easily seen that the existence of an atlas satisfying ^ implies 
the existence of a foliation of Ts(k): generated on each chart U a intersecting S by 
{d/dz™+\...,d/dz™+ 1 }. 

Definition 1.13. We say that a foliation T of S extends to the fc-th infinites- 
imal neighborhood, if there exists an atlas adapted to S and T such that: 



d: 



= 0, 



- u ^alk+l 

for t = 1, . . . , m, m + I + 1, . . . , ri and i = 1, . . . , I on U a fl Up. 

In the special case T — Ts we say that 5 has fc-th order extendable tangent 
bundle. 

Remark 1.14. Let M be a complex manifold, T a regular foliation of M. Every 
leaf of T has fc-th order extendable tangent bundle for every k. 

Remark 1.15. For a submanifold S having first order extendable tangent bundle is 
a strong topological condition. As a matter of fact, as we will see in section [S] of 
this paper, this implies the vanishing of many of the characteristic classes of the 
normal bundle of S. 

Remark 1.16. If a submanifold S has first order extendable tangent bundle, it 
is likely that every foliation on S extends to a foliation of the first infinitesimal 
neighborhood. A result in this direction can be found in Corollary 14. 101 

2. The Atiyah sheaf for the Variation Action 

The Atiyah sheaf is an important geometrical object defined in [Atij . In that 
paper, it is proved that the existence of a holomorphic connection for a vector 
bundle E is equivalent to the splitting of the following sequence: 

(4) -» Hom(£, E) -» A E -> TM -> 0, 
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where Ae is the Atiyah sheaf of E. In [ABT it was proved that the obstruction 
to the existence of partial holomorphic connections for a vector bundle E along a 
sub-bundle J 7 is equivalent to the splitting of the following sequence: 

(5) »» Hom(£, E) »- A E ,r ^ T >■ . 

Definition 2.1. Let 5 be a not necessarily closed complex submanifold of M, 
T a foliation of S. Let 7m,s(i) : = Tm®o u Os{x) and Tm,s ■= Tm®o m Os\ if 
S\ '■ Os(i) — > Os is the canonical projection, we denote by 0i the map id(g)#i : 
7m, 5(i) Tm,s ■ We see J 7 as a subsheaf of 7m, s, and we define the normal 
bundle to the foliation in the ambient tangent bundle as the quotient of 
7m s by T and we will denote it by Mt-M- Let Tjf s(i) := k er (P ro ®i)i where pr is 
the quotient map in the short exact sequence: 

(6) Ts 



>- T — ^ 7m,s — ^ A/>,m ^ 0. 

Remark 2.2. In our case, we have to replace E in Q with Nf,m', the computation 
of the obstruction to the splitting of this sequence is a straightforward application 
of the procedure in |Ati) and therefore we omit it. In an atlas adapted to S and J 7 , 
in Cech-deRham cohomology the class is represented by the cocycle 



U, 



dzi 



dzp dz 



dz l a ®w™ ® d t >,p 

s 



where {9t ;Q } is the quotient frame for Np^M in U a and is the dual frame for 
A/>,m on U a . 

As in |ABT2j . we will define a more concrete realization of the Atiyah sheaf 
for the sheaf Njt^m- We shall prove that the splitting of the Atiyah sequence for 
Nf,m is equivalent to the fact that the foliation J 7 extends to the first infinitesimal 
neighborhood. 

Remark 2.3. By definition ©i(TjJgm) * s contained in the kernel of pr, so, by 
exactness of sequence ©, it is contained in the image of J 7 . Moreover, for each 
v G J 7 , at least locally, the element v eg) [1]% belongs to Tm six) ano - * s P r °j ec ted by 

9i toi(v). so, eiCr^d)) = *Cf). 

Remark 2.4. Suppose we have a coordinate system adapted to S and J 7 (Definition 
ll.8[) . Then v belongs to Tm s{X) if and only if v = [a k ]2d/dz k , with [a*]i = 0, where 
t = 1, . . . , m, m + I + 1, . . . , n. Analogously v belongs to IsTm sm if anc > °nly if 
v = [a l }2d/dz l , where a* € Is for i = m + 1, . . . , m + I. 

Lemma 2.5. Let S be a complex submanifold of a complex manifold M and J 7 a 
foliation of S. Then 

(1) every v in Tm s(x) induces a derivation g h-> v(g) of Os(x)> 

(2) there exist a natural C-linear map { • , • } : Tm s(i) ® Tm s(i) ~~ ^ T~m S(X) 
such that 

(a) {u,v} = -{v,u}, 

(b) {u, {v, w}} + {v, {w, u}} + {w, {u, v}} = 0, 

(c) {gu, v} = g{u, v} - v(g)u„ for all g <G Os(i) 

(d) 0i({u,u}) = [ei(u),6i(u)]. 
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Proof. (1) Let (U; z 1 , . . . , z n ) be a coordinate chart adapted to S and T- An 
element v — [a fe ] 2 gpr G Tm.S(i) belongs to Tm s(i) ^ ana - on ^ ^ t *! 1 = ^' 
Remembering Remark 11.31 we see that u belongs to 7s(i) an d Lemma fl.51 
gives the assertion. 
(2) We define { • , • } by setting 

{«,«}(/) =«(«(/)) -«(«(/)), 

for every / G Os(i)- Please note that, since u and v belong to 7s(i) this 
bracket coincides with the bracket defined on Ts(i) ! the first three properties 
are proved exactly as for the usual bracket of vector fields, while the fourth 
follows from a simple computation in coordinates. Suppose (U; z 1 , . . . , z 11 ) 
is a coordinate chart adapted to S and J 7 , u — [a k ] 2 -^, v — [b k ) 2 -^ with 
[a*]i = and [0% 
in coordinates: 



0. First of all we compute the Lie brackets on Tm s(i) 



{u,v} 



dz h 
t db u 
oz 1 

t db> 
1 dz* ' 



8z h 
4 db u 
oz 1 

dz* 



d 
,dz k 

oz 1 

d 

,dzi + 



oz 1 

; dV _ 

dz i 



b' 



d 



dz 



g 



Please note that the coefficients in the first two summands of the last ex- 
pression all belong to Ig/ig. Therefore: 



0i ({«,«}) 



,8V 
dz' 



dz* 



□ 



Remark 2.6. In general, given two vector fields u,v in Tm,s{\)i we can define a 
bracket as: [u, v](f) — u(v(f)) — v(u(fj), for / € Os(i)- Please note that this 
bracket is not a well defined section of Tm,S{\) but only of Tm,s- In other words 
[u(v(f)) — v(u(f))] 2 is not well defined, while [u(v(fj) — v(u(f))]i is. 

Lemma 2.7. Lei S 1 be an m-codimensional complex submanifold of a complex man- 
ifold M of complex dimension n and T a foliation of S . Then: 

(1) u G I'm s(i) * s suc h that pr([u,s]) — for all s G Tm,s{\) if an d only if 

ueI s^ s(1) ; 



(2) if u & IsTm,s(i) and v e 7m,s(i) 



then {u, v} G Is Tm,s{x)'i 
(3) the quotient sheaf 

•A = Tm,S(1) 7«f,S(l) 

admits a natural structure of Os -locally free sheaf such that the map induced 
by 0i, whose image lies in T, is an Os- mor phism. 

Proof (1) Writing u = [a k } 2 ^, with [<z 4 ]i = 0, and s = [b h } 2 ^ G Ta/,S(i), 
we have: 

d 



pr([u,s]) = 



g fc b k da 1 

dz k dz k 



dz 1 



If u belongs to Is Tm s(i) c l ear ly P r ([ M : s ]) = 0. 

Conversely, let u be such that pr([u, s]) = for each s G Tm,s(i) 
claim it belongs to Is Tm s(i)' We know that u belongs to Tm 



that [a']i = 0. Let s = d/dz r , with r = 1, . 



Then [eV/<92 



M,S(1)' 



We 
so 



= 0. 
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Now, we take a representative h s z s , with s = 1, 
Computing: 

~dh„ 



, m, for the class [a*]i- 



= 



'da 1 ' 




dz r _ 


l 



-z° + 



h s S s r 



= [h s 



So, for each s, we have that h s belongs to Is, implying that [a ]^ = 0. Fix 
now a j in m + 1, . . . , n and let s = [z^^jfr- Then 



= - 



dz 1 



d_ 



9? 



_d_ 

dz 1 



where the last equality follows from the preceeding step, where we proved 



that [a*] 2 = and thus that 



da* 



dz 1 



= 0. So, [a-?]i = and u belongs to 



(2) This follows by a direct computation in coordinates. 

(3) The sheaf Tu s(i) 1S an 0s(i)- su bmodule of 7m,S(i) suc b that g ■ v belongs 

to IsTm sit) f° r ever Y 9 e an d v G 7wS(i)' Therefore the Os(i) 

structure induces a natural 05-module structure on A. 
Remember Tm sci) ^ s g enera ted locally, in an atlas adapted to S by djdz\ 
with j = m + 1, . . . , m + I and by [z r ]2<9/c?2: s , with r and s varying in 
1, . . . , m. Then, the sheaf A is a locally free Og-module freely generated 

A is the quotient map. 



b y ""(sf) and 7r ([ zS ]2^r), where tt : T^ )S(1) 

rnel < 

that we will denote again by 8i : A 



Moreover, IsTm sm nes m the kernel of 6i so 9i factors through a map 



J 7 , which is clearly an Os-morphism. 

□ 

Definition 2.8. Let S be a complex submanifold of a complex manifold M and 
let J 7 be a foliation of S. The Atiyah sheaf of J 7 is the locally free 0s-module 

-4 = Tm,s(i) T~m,s(i) ■ 

Theorem 2.9. Let S be a codimension m submanifold of a complex manifold M 
of dimension n and let J 7 be a foliation of S. Then there exists a natural exact 
sequence of locally free Os~ m odules 



0- 



Hom{U s ,Afjr. M ) 



A 



0i 



■ T ■ 







whose splitting is equivalent to the splitting of the sequence ([5]) taking as E Nf,m- 

Proof. We work in a chart adapted to S and J". The kernel of 0i is locally freely 
generated by the images under 7r : s(i) ~> -4 01 [^lagfr- We would like to 
understand how the generators behave under change of coordinates, to see if ker(0i) 
is isomorphic to any known sheaf of sections of a known vector bundle. We compute 
the coordinate change maps: 



(7) 



(8) 



_d_ 

l dz* 



dzp 



dzt 



d 



dz% 
dzi 



_d_ 

,dz) 



dz s „ 



H 1 



_d_ 



dz% dz 



W -| 





Si 



dz 



where the last equality in Q comes from the quotient map and the one in ([5]) 
comes from the newly acquired structure of Os-module. As a consequence, the 
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kernel of Oi is isomorphic to Hom(JVs, AGf,m)- Now, if we define local splittings of 
the sequence by setting 



for j = m + l,...,m + £, and extending by Os-linearity, we can compute the 
obstruction to find a splitting of the sequence: 



(073 — a a ) 



d 



0/3 



<JfS 



d 



dzl 



dzt 



_d_ 

~3z i 

_d_ 



dzi 



dzl 



dz 3 p 



_d_ 

dzl 



d^ 



d 

,dzi 



dz^dzjj 



d 
~dz~t 



(9) 



dz^ 



dz^dzi dz> a 



Please remark that, since dz^/dzp lies in the ideal Is for t = 1, . . . ,m,m + I + 
1, . . . , n and j = m + 1 



, m + I it follows that 
it 



Q2„t 



dzf,d 



for t — 1, . . . , m, m + I + 1, . 
Therefore we have that 



for = 1, . . . , to, m + I + 1, 



,71, j = TO + 1, . . . 

= [0]i 



I and p = m + 1, . 



. ,71. 



n and j 



1 , . . . , m + I if and only if 



dzpdzl 



[Oh 



for t,w = 1, . . . , m, m + / + 1, . . . , n, j = m 
class © vanishes if and only if splits. 



1, 



I and r = 1 , 



, to. Hence, 
□ 



It is easily noted that in the case J 7 is the tangent bundle to S the Atiyah sheaf 
of T is nothing else than the Atiyah sheaf of S, defined in |ABT2) . 

Definition 2.10. Let J 7 be a sheaf of Os-modules over a complex manifold S, 
equipped with a Os-morphism X : T — > Jg. We say that J" is a Lie algebroid of 
anchor X if there is a C-bilinear map {•,■}: J"© T — » T such that: 

(1) {v,u} = -{u,v}; 

(2) {u, {v, w}} + {v, {w, u}} + {w, {u, v}} = 0; 

(3) {g ■ u, v} = g ■ {u, v} — X(v)(g) ■ u for all g € Os an d u,v £ T ■ 

Definition 2.11. Let £ and T be locally free sheaves of Os-modules over a complex 
manifold S. Given a section X £ H a (S, 7s ® J 7 *), a holomorphic Jf-connection 

on £ is a C-linear map X : £ — > J 7 * ®£ such that: 



X(g-s)=X*(dg) 



gx(s), 



for each g £ Os and s £ £, where X* is the dual map of X. The notation X v (s) is 
equivalent to X(s)(v). 



12 



ISAIA NISOLI 



If J 7 is a Lie algebroid of anchor X we define the curvature of X to be: 
Ru,v(s) — X u o X v (s) - X v o X u (s) - X[ u v y(s). 
We say that X is flat if R = 0. 

Proposition 2.12. Let S be a complex submanifold of a complex manifold M and 
J 7 a holomorphic foliation of S . Then: 

(1) the Atiyah sheaf of J 7 has a natural structure of Lie algebroid of anchor Q\ 
such that 

ei{gi,g 2 } = [e 1 (gi),e 1 (g 2 )] 

for all qi,Q2 € A; 

(2) there is a natural holomorphic Qi-connection X : A/jtm - ► A* ® A/j^m on 
Mj=,M given by 

X q (s) = pr([v,s}) 

for all q £ A and s g N^m, where v £ 7m gm an d s € Tm.S(i) are such 
that ir(v) = q and pro0 1 (s) = s; 

(3) itas holomorphic Q\-connection is fiat. 

Proof. (1) We set 

{QuQa} = 7r({ui,u 2 }), 
where u, € 7~m s(l) are sucn that 5« = 7r ( u '>)' f° r * = 1>2- This is well 
defined: if q% = 0, then v% is in %sTm s(i) an( ^ then, by [5] of Lemma [2~71 we 
have that {91,(72} = 0. The other properties follow directly from Lemma 
1231 

(2) We check the connection is well defined. Suppose now q = 0; this means 
that v e XsTm s(iy then, by Lemma [2.7111 we have that pr([«, s]) =0, for 
every s € Tm.S(i)- Now, if pro0 1 (s) = 0, we have that s £ 7m g(i)' so 
{«, s} is in 7m g(i)> which implies that X g (s) = 0. 

We check now it is a 0i-connection. It is Os-lincar in the first entry since: 

*[/]!•«(«) = Pr([[/]2«,«|) = pr([/]i[«,s] - s([/] 2 )6 1 («)) = Lf]il», 

where the last equality comes from the fact that v belongs to I'm sciy wmcn 
is the kernel of proO^ We check the Oi-Leibniz rule for the second entry: 

X q ([f} lS ) = pr([w, [/] 2 s]) = pr([/]i[«, .5] + v([f] 2 ) ■ 1 (S)) 

= [/] 1 A > 9 ( s ) + 6 1 ( (? )([/] 1 )- S , 

where the last equality comes from the equality: 

K[/]2)]i = e 1 ( u )([/] 1 ) = e 1 ( 7 r( u ))([/] 1 ), 

for every [/] 2 S Og(i) and for every v £ TMgriv Thus, X is a holomorphic 
0i-connection. 

(3) We compute the curvature: 

-Rgi,? 2 ( s ) = Xqi °^g 2 ( s ) -^92 ^91 ( s ) ~ ^{91,92 }( s ) 

= pr(Kpr([w,s])]) - pr([u,pr([u,S])]) - pr([[u,u],s]). 

As we proved before, the connection does not depend on the extension 
chosen for the second entry, so we can rewrite the expression as: 

pr([u, [v, §}}) - pr([v, [u, s}}) - pr([[u, v],s]). 

Computing in coordinates, it follows from the usual Jacobi identity for 
vector fields that it is identically 0. 

□ 
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Definition 2.13. Let S be a complex submanifold of a complex manifold M and 
T a foliation of S. The holomorphic 61- connection X : A/jr m A* ® A(f,m just 
introduced is called the universal holomorphic connection on JVj^.m- 

Corollary 2.14. Let S be a submanifold of a complex manifold M and suppose 
there exists a foliation J 7 of the first infinitesimal neighborhood of S . Then, there 
exists a flat partial holomorphic connection (6, J 7 ) on J\fp,M along J 7 . 

Proof. We want to define now the splitting map between T | 5 and A; this is really 
simple since in an atlas adapted to S and T each of [\]2®d/dz l a belongs to Tm s(i)' 
Therefore we define tp : J 7 | 5 — > A as 

for each i = m+ 1, . . . , m + i, where 7r is the map from T~m s(i) ^° ^ ^ e com P u te 
now the explicit form of the induced partial holomorphic connection. Indeed, let v 
belong to J 7 and s belong to Nf,M] snice V^) belongs to 7m s(i)' ^ we * a ^ e a n ^ ® 
of s to T^sfi)' ^' e ' P ro ©i(s) = s, we have that the partial holomorphic connection 
(5, J 7 ) along T induced by the universal holomorphic connection for J\fjr m is given 
by: ' 

S v (s) = X^(s) = pr([^(u), s]). 
We prove now this partial holomorphic connection is flat; indeed 

S u (Sv(s)) - S v (S u (s)) - d[ U:V ]((s)) = pr([w, [v, s]] - [v, [u,s]} - [[u,v],s]) = 0, 
by the Jacobi identity. □ 

3. Splittings and foliations of the 1-st infinitesimal neighborhood 

In this section we will deal with a stronger version of splitting (Definition 13. 2p . 
The main idea is that, given a splitting of a submanifold, there exist maps which 
permit us to "project" vector fields transversal to the first infinitesimal neighbor- 
hood into vector fields which are tangential to the first infinitesimal neighborhood. 
We cite the following proposition which stems from a result of commutative algebra 
Ei, Proposition 16.2] which ties the splitting of the conormal sequence 

^1s/1 2 s n M ® Os tt s ^ 

with the splitting of the following short exact sequences: 

Is PI Os(i) Os 0, 

and the normal sequence 

^ Ts — '-*• Tm,s j ^Ns 0. 

Proposition 3.1 ([A BT2] Prop. 2.7). Let S be a reduced, globally irreducible 
subvariety of a complex manifold M . Then, there exists is a 1 — 1 correspondence 
among the following classes of morphisms: 

• morphisms a : fig — ¥ fi^ ® Os of sheaves of O s -modules such that p o a = 
id; 

• morphisms t : Qm.s ~^ T-S /1-s °f sheaves of Os- m odules such that rod 2 = 
id; 

• 6 1- derivations p : Os(i) ~^ ^-s/^s suc h that p o i % = id, where i\ is the 
canonical inclusion; 

• morphisms p : Os — > Os(i) °f sheaves of rings such that 6\ o p = id. 
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Moreover, if any of the former classes is not empty, then there is a 1 — 1 correspon- 
dence with the following classes of morphisms 

• morphisms r* : TVs — ^ 1~M,S of sheaves of Os~ m odules such thatp^or* = id; 

• morphisms a* : 7m. S ~~ ^ Ts of sheaves of O 's -modules such that loo~* , where 
l : 7s — >• 7a/, s is the canonical inclusion. 

Definition 3.2. Let S be a reduced, globally irreducible subvariety of a complex 
manifold M . We say that S splits in M if there exists a morphism of sheaves 
a : tts ~^ Qm.s such that p o a = id where p : Qm.s ~^ ^S is the canonical 
projection. 

Remark 3.3. In |ABT2| it is proved that a submanifold splits if and only if there 
exists an atlas adapted to S such that: 

= 0. 

i 



dz 



A natural generalization of the concept of splitting is the notion of /c-splitting, 
developed in [ABT2] and |ABT3j . We will use extensively the notion of 2-splitting. 

Definition 3.4. Let S be a submanifold of a complex manifold M. We shall say 
that S /c-splits into M if and only if there is an infinitesimal retraction of S(k) 
onto S, that is if there is a k-th order lifting p : Os Om or in still other 

words, if the exact sequence 

(10) -> ls/I k s +1 ^ Om /I k s +1 -> Om /Is -> 

splits as a sequence of sheaves of rings. 

Remark 3.5. Please note that, in case the sequence above splits, the map p : 
Om As +1 ~* 1s/1 s +1 is a ® k derivation, i.e., 

p{[fg]k+i) = e k ([f] k+1 )p([g] k+1 ) + e k {[ g ] k+1 )p([f] k+1 ). 

The sheaf Is/T^ +1 has a natural structure of Og^-module: the multiplications 
given by [f] k [h] k +i = [fh] k+1 is well defined; indeed, let [/i] fc+ i and [f 2 ]k+i be 
two representatives of [f] k . Then [f 2 — /i]fc+i belongs to and therefore 

[fih]k+i ~ [hh]k+i = [0]k+i since h belongs to l s /l k s +1 . 

Remark 3.6. Theorem 2.1 of |ABT 3j proves that S is /c-splitting if and only if there 
exists a fc-splitting atlas, i.e. an atlas {U a ,z a } adapted to a complex submanifold 
S such that: 

for all r = 1, . . . ,m,p = m + 1, . . . , n and for each pair of indices a, {3 such that 
U a n Up n S ^ 0. 

Definition 3.7. If J 7 is foliation of M of rank Z strictly smaller than the dimension 
of S, if we denote by a* the map from 7m, s to Ts given in Proposition (3TJ we shall 
denote by the coherent sheaf of Os-modules given by 

T a :=o-*{T\ s ). 

We shall say that a* is ^-faithful outside an analytic subset E C S if T a is 

a regular foliation of S of rank I on 5 \ S. If £ = we shall simply say that a* is 
J--faithful. 

We refer to [ABT2) for a treatment of ^-faithfulness in the case of splittings. 
Assume that a* is ^-faithful: an interesting question is whether there exists an 
analogue of a* from 7m,s(i) to 7s(i)i which restricted to 7m, s coincides with a*; 
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this would permit us to project a transversal foliation to a foliation of the first 
infinitesimal neighborhood. 

First of all, we can suppose we are working on a splitting submanifold S. 

Definition 3.8. We will call the sheaf TM,SVk) '■— Tm ®Os{k) the restriction of 
the ambient tangent sheaf to the fc-th infinitesimal neighborhood. 

We look for a splitting of the following sequence: 

(11) O^Ts(i) ->7m,s(i) ->JVs(i) ->0> 

where A/"<?(i) is the quotient of the two modules. 

Remark 3.9. Let (U a , z„, ■ ■ ■ , z") be a coordinate system adapted to S. Please 
remember Remark 11.31 since S is a submanifold the ideal of S is generated by 



, z r a and we have that 7s(i) is generated in U a by: 



d 



d 



d 

dz™ : 



for r, s varying in 1, . . . , m while 7a/,S(i) is generated on U a by 

d d 
dz\ ' " ' ' dz% ' 

Let d r:Ct be the image of d/dz^ in A/s(i) and bj r a its dual element. Now let 

be a section of Tm.s(i) \ we can see that the image of u in A/"s(i) is nothing else than 
[/q]i^,o- We denote by [v] the equivalence class of v in A/"s(i)j please note that, 
given a function [g] 2 in Os(i) the 0s(i)-module structure is given by 

\9h-[v] = [e l {[g]2)-v]. 

We compute now the transition functions of Afs(i)', if we are in an atlas adapted to 
S we have that 



h%p r Zg. We have that: 



d — 



d ' 








'dzl Q ' 




dz r 

a _ 








dz r a dz s p _ 





dz 



Z * d: 



■0 



, d 

is sir w 
UZp 



[hal3,rhds,p, 



where last equality comes from the equivalence relations that define Afs(i)- 

Remark 3.10. Please note that the transition functions for (A/sm)*, as an Osny 
module are given by: 



Please note that (A/s(i))* is isomorphic to Xg/X| with the structure of Os(i) module 
given by the projection 6\ : Os(i) ™>> Os- 

Lemma 3.11. Let M be a n- dimensional complex manifold, S a submanifold of 
codimension r. Then sequence pip splits if S is 2-splitting, i.e. there exists an 
atlas adapted to S such that: 



(12) 

for p = m + 1, . . . , n and r 



dzl 
, m. 



[0]2, 



16 



ISAIA NISOLI 



Proof. We have to compute the image in H 1 (S, Hom(Afs(i) , 7s(i))) through the 
coboundary operator of cochain {U a nS,wJj® d r , a } representing the identity in 
#°(W,Hom(As(i),JVs(i))). We compute then: 

d . _ _d_ 
dz* a 



d 
d 

94 dz' 



dz r p ' dz s a 

dzi dz} 



(13) 



dz s a dz^ 
dzl dzl 



dz r p dz s a 



Up ® 



dzo 

d 
dZ 



dz% dz 







This class is clearly zero if we are using a 2-splitting atlas. 



□ 



Remark 3.12. In the last equality of the computation above there is marginal subtle 
point. If S is 2-splitting then it is splitting. We saw above that this implies that in 
an atlas adapted to S and to the splitting 



di 
dz 



dz r 



We know also that: 



dz^dz^ 
dz r p dz% 



dz 



= 6 s 



Restricting ourselves to the 1-st infinitesimal neighborhood we have that: 



'dz^dzy 






d z y 


+ 


'dz^dzy 




\8< 


dzy 


dz^ dz^_ 


2 






2 


dzp dza_ 


2 


[dzl 





using the splitting hypothesis. 

Remark 3.13. Looking at how we have constructed the splitting in the former 
Lemma, if p is the ^-derivation associated to the splitting of S, we have that the 
splitting morphism a* : Tm,S{\) ~^ 7s(i) is given in an atlas adapted to the two 
splitting by: 

d d d 

f dz~^~ P{n dz~r +F dzl>- 

Now the natural question is under which conditions the splitting of sequence 
is equivalent to the existence of a 2-splitting atlas. It seems like the splitting of this 
sequence is not enough. Indeed, if we try to follow the usual approach in proving 
the argument, as in Proposition ABT3] Theorem 2.1], we have some problems. The 
first thing we can remark is that the dual of 7m,s(i) is nothing else than Qm®Os(i)- 
Now, a splitting of (fTTj) implies there exists a map 7 from <S> Os(i) to (jVg(i))* 
and since we remarked that (Afs(i))* is isomorphic to Ts/Tg as an 0s(i)-module, 
through a map 

this gives rise to a splitting of the map 

d 2 : l s /is -> Q M ® Os(i) 
which sends an element [f}2 of Xs/X s into df® [1]2- Now, there exists a well defined 
map dz from Om /T-% to ® Os(i)i which sends a class [/] 3 to df <g> [1]2- The 
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big problem is that, even if we suppose S comfortably embedded f |ABT3j ). i.e., the 
sequence 

2|/2| Is/1% Is /ll 

splits, we have that the splitting of (fTT) only gives us a map between Osm an d 
the image through the splitting v : Is/1% — >• Is/1% 01 ^-s/1% m -^s/1% an d this 
map is not surjective. Therefore it is not a #2,i-derivation splitting the short exact 
sequence of morphisms of rings 

Is/1% " °s(i) *■ Os 0. 

Remark 3.14. To solve this problem we could find under which conditions there 
exists a splitting of the map : !%/!% — > £Im,S(i)- Using such a splitting and the 
comfortable embedding we could find a 6?2,i-derivation splitting c : Ig/I s Os(i)- 

We define now a notion parallel to the one in Definition 13.71 

Definition 3.15. If T is foliation of M of rank / strictly smaller than dimension 
S, if we denote by the map from Tm,s(i) to Ts(i) splitting sequence (fTT|) . we 
shall denote by J 7 " 72 the coherent sheaf of 0s(l)-modules given by 

■■= ol{T\s{i)\ 

We shall say that ovj is first order ^-faithful outside an analytic subset ScS 

if J 7 "" 2 is a regular foliation of 5(1) of rank I on S \ E. If E ~ we shall simply say 
that is first order ^-faithful. 

We state some results coming from [ABT21 . in particular Lemma 7.5 and Lemma 
7.6 about ^-faithfulness. 

Lemma 3.16 ( AB T2) . Lemma 7.5). Let S be a splitting submanifold of a complex 
manifold M , and let JF be a holomorphic foliation on M of dimension equal to 1 
or to the dimension of S. If there exists xq € S \ Sing(F) such that J 7 is tangent to 
S at xq , i.e., (j r |s)xo C T~S,x , then any splitting morphism is ^-faithful outside 
a suitable analytic subset of S . 

Lemma 3.17 ( ABT2j. Lemma 7.6). Let S be a non-singular hypersurface splitting 
in a complex manifold M , and let J 7 be a one dimensional holomorphic foliation on 
M . Assume that S is not contained in Sing(F). Then there is at most one splitting 
morphism a* which is not F -faithful outside a suitable analytic subset of S . 

Indeed, speaking of first order ^-faithfulness we have a simple results which gives 
us some insight. 

Lemma 3.18. Let S be a submanifold 2- splitting in a complex manifold M , and 
let J 7 be a one dimensional holomorphic foliation on M . Let '■ 7m,s(i) — ^ 75(1) 
be the splitting morphism. If c^ls * s J 7 -faithful outside an analytic subset E, then 
a 2 is first order J 7 - faithful outside E. 

Proof. We check that J 7 " 2 satisfies the requests of Definition 11.61 By hypothesis 
F" 2 |s is a foliation of S. Since the rank of J 7 " 2 is 1 it is an involutive subbundlc 
of 7s(i); moreover, for each point x € S \ E we can find a generator v of F% 2 such 
that v\s is non zero. Therefore, Ts(\),x /Fx 2 is 0S(i)-f ree - ^ 

Directly from this last Lemma and Lemma 13.161 we have that. 

Corollary 3.19. Let S be a splitting submanifold of a complex manifold M , and 
let J 7 be a holomorphic foliation on M of dimension equal to 1 or to the dimension 
of S . If there exists xq G S \ Sing(F) such that J 7 is tangent to S at xq , i.e., 
(F \s)xq C Ts,x j then any 2-splitting morphism is first order F '-faithful outside a 
suitable analytic subset of S. 
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4. Extension of foliations and embedding in the normal bundle 

Definition 4.1. Let S be a codimension m submanifold of a n-dimensional complex 
manifold M. Let 5(1) be its first infinitesimal neighborhood and 5jv(1) be the first 
infinitesimal neighborhood of its embedding as the zero section of its normal bundle 
in M. We denote by On s the structure sheaf of the normal bundle of 5 and by 
3-S,n s the ideal sheaf of 5 in Ns- We say Sn(1) is isomorphic to 5(1) if there 
exists an isomorphism : On s /1% Na —> Om/^s sucn that B\ o = 9^ , where 
6i '■ Om l^s ®s and 9% ■ On s /^-s n s ~* ® s are ^ e canonical projections. 

Proposition 4.2 ( ABT2 Prop. 1.3). Let S be a submanifold of a complex mani- 
fold M. Then 5 splits into M if and only if its first infinitesimal neighborhood 5(1) 
in M is isomorphic to its first infinitesimal neighborhood Sn(1) in Ns, where we 
are identifying 5 with the zero section of Ns ■ 

Remark 4.3. In general, given a vector bundle E over a submanifold 5, we have 
that TE\s is canonically isomorphic to TS © E. When E is Ns this implies that 
the projection on the second summand of TNs\s — TS © Ns gives rise to an 
isomorphism of Ns and iVo s , i.e., the normal bundle of 5 as the zero section of Ns- 
Therefore we have an isomorphism between and Xs,Ns/-^s Ns' 

Let S be a codimension m submanifold of an n-dimensional complex manifold 
M and let J be a foliation of S. Thanks to the Holomorphic Frobenius theorem, 
we know that there exists an atlas {(U a ; z\, . . . , z™)} adapted to S and J 7 . In such 
an atlas we know that J 7 = ker(dz™ + ' +1 \g, . . . , dz™\s). An equivalent formulation 
of the Frobenius theorem states that a submodule of fi 1 (5) is integrable if and only 
if each stalk is generated by exact forms. We denote by it : Ns — > S the normal 
bundle of S. The map tt is holomorphic, therefore TT*(dz^\s) is a well defined local 
holomorphic 1-form on 7r _1 ([/ Q ) C Ns- Moreover, since {dz™ +l+1 \s, . ■ . , dz™\s} 
is an integrable system of 1-forms, so is {it* (dz™ +l+1 \s), ■ ■ ■ , n*(dz™\s)}. Then 
{7r*(dz™ +i+1 |s), . . . , n*(dz™\ s )} defines a foliation JF of Ns, whose leaves are the 
preimages of the leaves of J 7 through n. Since S is regular TM is trivialized on 
each coordinate neighborhoods and so is Ns. In the following we use the atlas 
{(7r _1 (C/ Q ), , . . . , u™, . . . , z™} of Ns given by the trivializations of the nor- 

mal bundle, where v r a are the coordinates in the fiber; then JF is generated on 
ir-\U a ) by 

d d 8 



dzZ 



m J rl 



>z a 

The fibers of tt are the leaves of a holomorphic foliation of Ns, called the vertical 
foliation, which we denote by V. On 7r _1 (f/ Q ) it is generated by 

d d 

We study now the splitting of the following sequence, when restricted to the first 
infinitesimal neighborhood of the embedding of S as the zero section of Ns'. 

(14) ^V^+T^^T/V -0. 

A result of Grothendieck |Gro] tells us that the splitting of the sequence is equivalent 
to the vanishing of a cohomology class in i? 1 (M, Hom(^"/V, V)). The splitting of 
this sequence is equivalent to the fact that there exist an isomorphism T ~ V© JF/V 
compatible with the projection pr and the map t. Even if this result was already 
used implicitly in Section[2]we sketch a proof to show how it can be used operatively 
in our work. Indeed, let lu be the cohomology class associated to the splitting of a 
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short exact sequence of sheaves 

(15) O^S^T^G^O; 

this obstruction is the image of the identity homomorphism in H°(M, Hom(CJ, Q)) 
into iJ 1 (M, Hom(£J, £)). By the Long Exact Sequence Theorem for Cech cohomol- 
ogy we compute ui in the following way: let {U ai I&} be the class representing the 
identity in H°(M, Hom(£, Q)), we take a lift (U a , T a ) in C°(U, Hom(CJ, J")) and take 
its Cech coboundary, {U a p,Tp — r Q }. Clearly prorp — pror a = 0, so this is a well 
defined element of C 1 (U,Hom(Q,£)). By diagram chasing, it is shown this is a 
Cech cocycle which represents to. Suppose now uj is in cohomology: this means 
there exists a cochain {U a ,a a } in C°(U, Hom(£, £)) whose coboundary is uj, i.e. 
o~p — o~ a = Tp — r a . We define now a Cech cochain in C°(U, Hom(£ © Q, J")) as 
{U a ,6 a } where 9 a is defined on each U a as: 

6 a : (v,w) i-> (l(v - <r a {w)) +T a (wj). 

We compute now 5{U a ,9 a }; on each U a p: 

l(v - ap{w)) + Tp(w) - i(v - a a (w)) + r a (w) 

= t(<7 a (w) - Uf){w)) + Tp(w) - T a (w) = 0. 

So, we have a global isomorphism of sheaves between £ © Q and J 7 satisfying our 
requests. 

Remark 4.4. Please note that T/V, when restricted to S is nothing else but the 
foliation J 7 . This follows directly from our construction of JF as the pull-back 
foliation defined by the integrable system {ir*(dz™ +l+1 \s), • • • , n*(dz™\ s )}. 

Lemma 4.5. Let S be a splitting submanifold in M. If there exists a foliation of 
the first infinitesimal neighborhood of the embedding of S as the zero section of its 
normal bundle, then there exists a foliation of the first infinitesimal neighborhood 
of S embedded in M . 

Proof. If there exists a foliation of the first infinitesimal neighborhood of the em- 
bedding of S as the zero section of its normal bundle we can find an atlas of Ns 
given by {V a , v> a , . . . , <\ ...,z£} such that, if V a n Vp n 5 ^ we have that 

= [0] 2 ; d J- = 

2 



dvL 



where r = 1, . . . , m and t' 
We use the isomorphism <f; 



d 4 

■ m + l + l,. 

o Ns /i 2 SNs 



dzi 



Om/^s, taking the images 



&]2 



( p([u 1 a ] 2 ),...,[z r a ] 2 = ( p(u r a ),[z 



[C +1 ] 2 ) 



K] 2 



there exists open sets U a D Tr(V a ) (modulo shrinking) where we can choose repre- 
sentatives of these classes such that {XJ a ,z x a , . . . , z%), is a coordinate system adapted 
to S and T- If U a n Up n 5 7^ we can check that, since <9/dz™ +1 , . . . , d/dz™ +l 
are logarithmic 

d^ik = r a^g i = rs^i = 

for r = 1, . . . , m and « = m + 1, . . . , m + I + 1. Following the same line of thought 

[0]2, 

for t' = m + I + 1, . . . , n and i = m + 1, . . . ,m + I + 1. □ 



d[~4h 


~ d ~4~ 








dz i 

L a _ 


2 
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So, the problem of extending a foliation outside a sub-manifold boils down in the 
splitting case to understand when (fT4"f splits and the image through the splitting 
of T /V is involutive. We start by finding a sufficient condition for this to happen. 

Proposition 4.6. Let M be a complex manifold of dimension n, and S a splitting 
codimension m submanifold. Let T be a foliation of S and tt : Ns — > M the normal 
bundle of S in M . Let J? — 7r* (J 7 ) and V the vertical foliation given by ker dir. The 
sequence: 

V T — ^ T/V > 

splits if there exists an atlas adapted to J 7 and S such that 

d 2 z r 
dzpdzp 

for all r, s = 1, . . . , m and i = m+ l,...,m + i. 

Proof. We compute the obstruction to the splitting of the sequence, following |Ati) 
and |Gro) : we apply the functor Hom(^F/V,-) to sequence (fl"4")l and compute the 
image of the identity through the coboundary map 

S : H°{S,Bam(jF/V,jF/V)) ff^^Hom^/V.V)). 
We fix an atlas {J7 Q , z a } adapted to S and J 7 and we denote the quotient frame for 
T I V by {d m+lta , d m +i,a} (i.e., d m +i, a is the equivalence class of d/dz™ +1 \ s ) 



and by {uj 7 ^ 



m+l 



, UJ 



} its dual frame. The cocycle representing the identity in 



H°(S, Hom(j"/ V, J-/V)) is then represented as {U a , oj j 
the splitting of the sequence is then 

d , d 



i dj^ a }; the obstruction to 



6{w 3 a (g) d jt0l } = ojI ® 



(16) 



, d 

'dz^H 

M dzi 



dz 3 a 

dzj d_4_ 

9z} dzl 



2 dz^ 



94 dzi 



■ J f3 



8 



2 ov p 

The vanishing of (fTo| is a sufficient condition for the splitting of the sequence; this 
class vanishes if dv^/dz^ belong to 1% s - Moreover, the coordinate changes map of 
Ns have a peculiar structure: 

dz r 



Therefore: 



dz 3 a d 
. dzl 



dz^ 

dzf 



a dz^ dzldzl 



dzl 



a dzl dz s adz i 



using the isomorphism between Is/l s anc ^ -^s,n s l^-s n s we see that the last ex- 



pression vanishes if dz^/dzi G if. 



□ 



Remark 4.7. Since we are working in an atlas of Ns adapted to S and T we have 
that 

^ = d4 _ Q 
dv 7 p ' dz l p 

for p = m + 1, . . . , n, r = l,...,m, i = m + I + 1, . . . , n, i = m + 1, . . . , n (please 
remark that we are not following our usual convention). Looking at the transition 
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functions of the tangent bundle of Ns, in an atlas adapted to S and J 7 , on the first 
infinitesimal neighborhood of the embedding of S as the zero section of Ns, the 
following equality holds: 

'dv'dzi dzPdzl 



a ± 



dz^ dzl 



now, since dz v a jdv r o = we have that 



dz^ dz p a 



and since dz^/dzl = for t = m + I + 1, 



1 , . . . , n we have that 



d£ dz 



dzl dz^ 



where i, j = m+ 1, . . 



I and we sum over i' = m+ 1, . . . , m + I. 



Lemma 4.8. Let S be a splitting submanifold of M , let T be foliation of S; if the 
sequence 

pr 



0- 



■o 



splits on the first infinitesimal neighborhood of S embedded as the zero section of 
its normal bundle in M , then T extends as a subsheaf of 7s(i) • 

Proof. Suppose we are working in an atlas adapted to S and T\ on S we have the 
following isomorphism: 

(17) jF\s = V\ s ®F. 

This follows directly from our construction of J 7 as the pull-back foliation defined 
by the integrable system {ir* (dz™ +l+1 \g), . . . , Tr*(dz™\s)}- Therefore we have that 
F/V\s — T and this implies that the cochain representing (fTSf vanishes identically 
when restricted to S. Therefore we know that the components of the cochain 
{U a ,<7 a } are identically when restricted to S. Let u be a section of T/V) its 
image r Q — o~ a (v) is a section of JF. From the discussion above we can remark is 
that cr a (v)\s = 0; moreover, since on S (ITT]) holds we have that T a (v)\s € T C Ts 
and this proves that v belongs to 7s(i)- D 

Corollary 4.9. Let S be a splitting submanifold of M, let J 7 be a rank 1 foliation 
of S; if the sequence 







v- 



iT/V 



■0 



splits on the first infinitesimal neighborhood of S embedded as the zero section of 
its normal bundle in M , then J 7 extends as a foliation of the first infinitesimal 
neighborhood of S in M . Moreover, we can find an atlas adapted to S and T given 



by a collection of charts {C/ Q ,(?;^,. 
can be represented by the cochain. 



. , z™)} such that the class (|16[) 



Proof. If T I V has rank 1 we have that its image through the splitting morphism 
of (fl4|) is a rank 1 (therefore involutive) subbundle of Ts N (i)- Thanks to Lemma 
14.51 we have the first part of the assertion. Corollary 11.111 gives us the second part 
of the assertion. □ 

Corollary 4.10. Let M be a n-dimensional complex manifold, S a codimension 
m splitting submanifold, J 7 a regular foliation of S . Suppose S admits first order 
extendable tangent bundle, then ~F extends to a subsheaf of Tsn) ■ 
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Proof. We work in an atlas adapted to S and J 7 ; by Corollary 11.111 first order 
extendable tangent bundle implies 

~dzl 



which in turn implies 



and therefore that 



dz s pdz P p 



dzpdz 1 ^ 







els 



m + l, which in turn implies the vanishing of (|16[) 
; the extension of J 7 is then given by the image of 

□ 



for r, s = 1, . . . } m, i = m + 1, . . . 
and the splitting of sequence (jT4 
JF/V in jr. 

Remark 4.11. The reason why the splitting of (fT4| is not a sufficient condition for 
the foliation to extend to the first infinitesimal neighborhood lies in the fact that the 
image of JF/V may not be involutive. If this image is involutive we have a statement 
similar to the one in the last Corollary; anyway even if it is not involutive, thanks 
to the results in section [5J the splitting of (|T4"]) is enough to get some important 
insights on the Khanedani-Lehmann-Suwa action. 

Remark 4.12. We want to see what happens in coordinates when we can extend 
the foliation. First of all, the vanishing of the class (fT6f in cohomology means there 
exists a cochain {U a , cr a } e C°(S N (1), (j 7 /V))* (g) V) such that: 



CT/3 



d 



In a coordinate system adapted to S and J 7 on each U a we can write the elements 
of the cochain as 

d 

Since the sequence splits when it is restricted to S we can assume that the coeffi- 
cients Cj a of each a a belong to Zs/2j. Without loss of generality we can suppose 
the local lifts r Q send the generators of jr/V, that we denote by 9j jQ ,, in the coor- 
dinate fields d/dz l a (the difference about two different choices of lifts is absorbed 
by the cochain). Then a generator d/dz z a \s of J 7 on U a extends to the section v of 
7s(i) gi ven b Y : 

r . , 9 d 



dzl 



5. Action of subsheaves of j~ on Nf.m 

As usual let J 7 be a foliation of S: in this section we shall discuss how the 
existence of coherent subsheaves of Ts(l) that restricted to S are subsheaves of J 7 
gives rise to variation actions on J\fp,M- 

Lemma 5.1. Let £ be a coherent sub sheaf of 'Ts(i) that, restricted to S, is a subsheaf 
of J 7 - Then £ is a subsheaf of s Yi)' 

Proof. Let {U a , z a } be an atlas adapted to S and J 7 . On each coordinate chart, a 
section v of £ can be written as: 

r ul 9 , .. d 
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with a 11 E Is- Therefore, thanks to Remark l2.4l we know that v belongs to TJjJ s(i)- 

□ 

Definition 5.2. Let £ be a coherent subsheaf of Ts{i)\ we say it is 5-faithful if 

the restriction map \g : £ — > £ \g is injective. 

Proposition 5.3. Suppose £ is a coherent subsheaf of 7s (i) that, restricted to S, 
is a subsheaf of T , that is generated on an open set U a by V\, a , . . . , Vk,a and is 
S -faithful. Then there exists a partial holomorphic connection (S,£) for Nr,M- 

Proof. Since there are no generators sent to by the restriction to S, then £ \snu a 
is generated by Vk, a '■= Vk,a\s- Please keep in mind that the generators of £\s are 
always the restriction of the generators of £ , so, chosen the local generators of £ 
we have a canonical way to extend the local generators of £ \ s- 

Let 7r be the projection from Tm sn) ^° anc i w a section of £ \g; we define 
a map 7r : £ \s — > A by tt(w) := ir(w), where w is an extension of w as a section 
of £ . On a trivializing neighborhood for £ a section has the following form: w — 
[f k ]iVk,a G £ \snu a - The difference between two representatives w\ and u>2 of w in 
£ on U a can be written in the following form: 

[g k ]2V k , a 

where the g k belong to Is/l s and therefore belongs to IsTm s(i)' Therefore the 
map 7r does not depend on the extension chosen. 

Suppose now we have a section w of £\g and two coordinate charts U a and Up 
on which the section is represented as w a = [f£\iVk, a an d wp — [fp]iVk,p- Now, we 
have that, since £ is a subbundle of 7s(i) 

Vk : a = [(h a p)khVh,P, 

which implies also that: 

We take two extensions w a and wp on U a and Up respectively: we claim their 
difference lies in %sTm s(i) ' ^ e compute: 

(wp - w a )\ s = ([fahv k , a - [fphv h ,p)\s 

= ([%h[h a p, k hv h ,p-[f$} 2 v h ,p)\ s 

= [[/5(^] 2 -[/^]a] 1 «M = [0]i. 
As stated, the difference between the two extensions lies in IsTjmv So, the 
map 7f : £\$ — » A is an Os-morphism between £ \ $ and .4 giving a splitting of the 
following sequence: 

»- Rom(Afs,Af^, M ) >~ Is -^-»- £ Is " . 

where Aj?,e \ s is the preimage of £ \s in .4 through ©x- D 

Therefore, recalling Section [5] we have that there is a partial holomorphic con- 
nection on A/jr.A/ along £ \ s, given as follows: 

S v (s) = A > 7r(i)) (s), 
where X is the universal connection on yLv> M - 

Remark 5.4. This connection may not be flat. Therefore we can use Bott Vanishing 
Theorem 1 7 . 1 1 only in its non involutive form. But, in case £ is involutive a stronger 
result holds. 
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Corollary 5.5. Suppose £ is an involutive coherent subsheaf of Ts(i) that, restricted 
to S, is a sub sheaf of T and S -faithful. Then there exists a flat partial holomorphic 
connection (5,£) for A/jr.M- 

Proof. From Proposition 15.31 we already know there exists a partial holomorphic 
connection along £ ; since £ is involutive we can check if it is flat: 

S u (Sv(s)) - S v (S u (s)) - d[ U:V ]((s)) = pr([«, [v,s]] - [v, [u,s]} - [[u,v],s]) = 0, 

by the Jacobi identity. □ 

Remark 5.6. In the paper |ABT2| is defined the notion of Lie Algebroid morphism; 
given an involutive coherent subsheaf of 7s(i) the splitting that gives rise to the 
partial holomorphic connection is a Lie algebroid morphism and last Corollary mir- 
rors the fact that the universal partial holomorphic connection is flat (Proposition 

Corollary 5.7. Suppose £ is an involutive coherent subsheaf o/7s(i); whose re- 
striction to S is a foliation of S and is S -faithful. Then there exists a flat partial 
holomorphic connection (S,£) for TVs- 

Proof. If we take J 7 = 7s hi Corollary 15.51 the assertion follows. □ 

6. Singular holomorphic foliations of the first infinitesimal 

neighborhood 

This section is devoted to precise what we mean by case a singular foliations of 
infinitesimal neighborhoods. In some sense, we want to prove an analogous of the 
following proposition, stated in |Su) and proved in |MY| . 

Proposition 6.1. If a foliation is reduced, then Codim S^J 7 ) > 2. If T is locally 
free and if CodimS^) > 2, then J 7 is reduced. 

We define now the main object of our treatment. 

Definition 6.2. A singular foliation of S(k) is a rank I coherent subsheaf T of 

7s(fc)' sucn tnat: 

• for every x € S we have that {Fx-, Fx] Q Tx (where the bracket is the one 
defined in Lemma ll.5|) : 

• the restriction of T to S, denoted by T \ g, is a rank I singular foliation of 
S. 

Definition 6.3. Let J 7 be a singular holomorphic foliation of S(k). We set J\fjr = 
Ts(k) I J~ an( i we denote by S'(j r ) := Sing(A/jr) the singular set of the foliation. 

Definition 6.4. Let J 7 be a singular foliation of S(k). We say T is reduced if it 
is full in 75(fe)j he., for any open set U in S we have that 

T(U, Ts(k)) n T(U \ S(T),T) = T(U, F). 

Lemma 6.5. Let S be a submanifold of M and let T be a singular foliation of S(k); 
then there exists a canonical way to associate to it a reduced singular foliation of 
S(k). 

Proof. We cover now a neighborhood of S by open sets {U a } such that Fu a ns is 
generated by vi <a , . . . ,vi. a and on each U a we can extend the Vi <a to logarithmic 
vector fields Uj iQ on U a . On U a the Vi. a define a distribution with sheaf of sections 
2? Q ; please remark that this is a sheaf on U a , not on the whole M. We define J\fv a — 
Tm \u a /T> a and denote by S{V a ) the set of singularity of Afv a - I n general, this 
distribution may not be reduced, i.e. T(U a , 7m) n T(U a \ S(D a ),T> a ) ^ T(U a ,T> a )- 
We take now the annihilator (T> a ) a = G SIm I w ( w ) = for every v € T> a }- If we 
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take its annihilator f> a ■= {{T> a ) a ) a = {w e Tm \ u{w) = for every ui e {V a ) a } 
we get now a reduced sheaf of sections of the distribution, generated by sections 
Wi j(x , . . . , Wi, a ] we can take the same / because, since we are dealing with coherent 
sheaves, the rank is constant outside the singularity set. 

Since T(U a ,T>a) C T(U a ,T) a ) we have that, Vi. a = (h a )lwj. a , where (h a )l is 
a matrix of holomorphic functions that may be singular on a subset of U a of 
codimension smaller than 2, contained in S(T> a )- Remark also that S^J 7 ) C S(T> a ) 
and that the vbi_ a are logarithmic vector fields. 

We want to check now that T> a ®Os(k) \(u a ns)\s(r) generates J° and is involutive. 
We will denote the restriction of tt)$ )Q to the fc-th infinitesimal neighborhood by 
Wi >a . Indeed, outside the singularity set, the matrix {h a )l is invertible as a matrix 
of holomorphic functions, with inverse (g a ) l j which implies that the u>j, Q 's generate 
T- We check the involutivity: 

[Wi ta ,Wi' ta ] (g) [l]fc+l =[(ga)iVj, a , (da)ivf, a ] ® [l]fe+l 
= [{9a)i\k+lVj, a {[{g a )l,)]k+l)Vf, a 
- [(9a>)i>]k+lVj> a {[(g a )i]k+l)Vj, a 
+ [(5 Q )^]fc+l[(5a)-]/c+lKa,ty,4 

Remark that (g a )l is a matrix of meromorphic functions on U a (this follows from the 
Cramer rule for the inverse of a matrix) , and its inverse is a matrix of holomorphic 
functions. Now, for each Vj <a we have that 

Vj,a([{9cx)i>]k+l) = -[{9a)i> ]fe+l%,o([(/la)}"]fc+l)[(5a)i//]fc+l> 

and therefore: 

k+l) v j',a 

= - [(.9«)-]fe+l[(.g Q )-, ]k+lVj, a ([{h a )ln] k +l)[(9odi'']k+lVj', a 
= - [(9a)i> }k+l™%a([(h a )),,}k+l)w i >> , a . 

A similar reasoning holds for the second summand in the involutivity check. If we 
denote by [aj •/]&+! the elements of Os(k) sucn that 

[vj, a ,v fta ] = [a J jtj ,]k+lVj», a 

we have that: 

[(g a )i ]fc+l [(ff«)i]fc+l [Vj,a, Vj'A 

= - [{9a)\Ak+l[{9a)i\k+l[a]^]k+lVj,, ta 

= - [(5o)i/]fc+l[(fla)i]fc+lKj']fc+l[(^a)}»]fc+l«'i",a< 

The point these computations prove is that [to< a, u)t' )C J ® [l]fe+i belongs to the 
module generated by the u>i jCt 's over the meromorphic functions. But, a priori, we 
know that this bracket is a holomorphic section of 7s(fc) an d therefore it belongs to 
the Os(fc)-module generated by the tuba's. □ 

Remark 6.6. By the proof of the Lemma above and by 16.11 we have an important 
consequence: each one of the extensions w^a has a singularity set of codimension 
at least 2. 



26 



ISAIA NISOLI 



7. Localization of Chern classes 

In this section we give a short account of the theory that permits us to compute 
residues. Thanks to Theorem 6.1 in }ABT2| . an extended version of Bott's vanishing 
theorem, we know that the existence of a partial holomorphic connection along a 
non involutive subbundle gives rise to vanishing of the characteristic classes of the 
bundle endowed with the connection. 

Theorem 7.1 ([ABT2 , Thm. 6.1). Let S be a complex manifold, F a sub-bundle 
of TS of rank I , and E a complex vector bundle on S. Assume we have a partial 
holomorphic connection on E along F . Then: 

• every symmetric polynomial in the Chern classes of E of degree larger than 
dim 5* — 1+ \ l/2\ vanishes (where [x\ is the largest integer less than or equal 
to x ). 

• Furthermore, if F is involutive and the partial holomorphic connection is 
fiat then every symmetric polynomial in the Chern classes of E of degree 
larger than dim S — I vanishes. 

We give a sketch of the localization process we use, following |Sul pag. 194]. 
Indeed, let M be a complex manifold and let S be a compact complex submanifold 
of dimension n. Suppose we have an involutive coherent subsheaf of 7s(i) of rank I. 
Let E := Sing(7s(i) / F) and suppose F |s\s is a foliation of S of rank I. Then, we 
have a foliation of the first infinitesimal neighborhood outside an algebraic subset 
E. From our discussion in Section [2] we know we have a flat partial holomorphic 
connection on N?,m along F \s ° n S\E; therefore the characteristic classes obtained 
evaluating a symmetric polynomial of degree n — k larger than n — I on the Chern 
classes of Nf,m vanish when restricted to 5\E. Let now rj be such a characteristic 
class, obtained from a symmetric polynomial of degree n — fc; if we inspect the long 
exact sequence for the cohomology of the pair (S, S \ E) 

2(n-fc) ( 5j g \ _ H 2(n-k) _ #2(n-fc) \ £) . . . , 

we can notice that, since 77 vanishes on 5\E we can lift it to a class in H 2 ^ n ~ k ^ (S, S\ 
E); please note this lift depends on the partial holomorphic connection and therefore 
we denote it by (77, V). Since S is compact we now can apply Poincare duality Ps 
and Alexander duality obtaining the following commutative diagram: 

H 2(n-k) ^ g \ jjj _ H 2{n-k) 



As 



Ps 



-ff2fc(E) 5- H 2 k{S). 

Since E is the union of its connected components E a , its homology is the direct sum 
of the homologies of each connected component; the Alexander duality is compatible 
with this decomposition. Therefore we obtain the following residue formula: 



^ ia ( J 4 s J((r ? ,V))=P S (r 7 ). 



In case k — what we are doing is to associate to each connected component E Q 
a number and the sum of all these numbers is Ps{rj). We want now to understand 
how we compute the residue of a characteristic class arising from a polynomial of 
degree n; we will use the tool of Cech-deRham cohomology (refer to |Su] ) . before 
proceeding we need to cite some results and define some notation. 

Remark 7.2. Please note that the Bott Vanishing Theorem in this form not only 
tells us that the de Rham cohomology class of a Chern class vanishes, but also that 
the form representing it vanishes. 
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We refer to |Sul pag. 71] for the theory regarding virtual bundles. Before 
progressing we need a couple of definitions. 

Definition 7.3. A virtual bundle is an element in the iT-group K(M) of M 
[MS] . [Su] . In particular, if we have complex vector bundles Ei with i = 0, . . . , q 
over a smooth manifold M we may consider the virtual bundle £ = 531=o( — l) 8 -^*" 

Definition 7.4. Let 

(18) E q E 1 — ^ E -> 0, 

be a sequence of vector bundles on M, and for each i = 0, . . . ,q, let V™ be a 
connection for Ei. We say that the family V' 9 * 1 , . . . , V^ -* is compatible with the 
sequence if, for each i, the following diagram commutes: 

A°(M,Ei) V '" > A 1 (M, Ei) 

J 4 (M,^ i _ 1 )^^^ 1 (M,£ i _ 1 ). 

Remark 7.5. The following Proposition from the book of Suwa is really general in 
scope, dealing with virtual bundles and Cech-de Rham cohomology. 

We refer to [MSI p. 164] for the proof of the formulas which express the Chern 
classes of E(&F as products and sums of the Chern classes of E and F. In general for 
a direct sum of vector bundles E®F, the total Chern class c(E®F) = c(E) — c(F). 
This permits us to compute the Chern classes of E(BF as polynomials in the Chern 
classes of E and F; the simplest example is the first Chern class of the bundle E®F: 
we have that a(E © F) = a(E) + ci(F). 

A really interesting fact about virtual bundles is that Chern classes behave nat- 
urally with respect to them, generalizing the discussion about the Chern class of 
a direct sum above. In general, if is a symmetric polynomial, £ := Xa=o ^» ^ s a 
virtual bundle and V* denotes a family of connections V^, . . . , for £ then we 
can express as a finite sum 



0(O = E0 I ( ° ) (^))A...A0{« ) (£; g ) 



i 

where <j>\ ; (-Ei) are polynomials in the Chern classes of Ei for each i and I. Then 

0(V) - ]T 0| O) (V(°)) A ... A 4 ?) (v< 9 >) 
/ 

represents the cohomology class of 0(£). 

In Su it is proved that there exists a form 0(Vq, . . . , V"), called the Bott 
difference form such that 

0(vs, . . . , v«, . . . , v;) + (-i) p #(v;, . . . , v;) = o, 

where the hat means the hatted family is not taken into consideration. 

Proposition 7.6 ([Su], p. 73). Suppose sequence (|18|) is exact. Let <f> be a symmet- 
ric polynomial and V* = {V^\ . . . , Vl°^} for k = 0, . . . ,p families of connections 
compatible with (|18p for the virtual bundle £ — 2? =1 (— l) 1 i^. Then: 

«Kvs,...,v;) = «kvW ...,v<°>) 

Similarly for other "partitions" of the virtual bundle £. In particular 

</>(£) = cj>(E ), 
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We state now Bott vanishing theorem in the version for virtual bundles. 

Theorem 7.7 (Bott Vanishing theorem, [Su pag. 76). Let M be a complex man- 
ifold of dimension n and F an involutive subbundle of rank p of TM . Also, for 
each i = 0, . . . , q let Ei be a bundle and let S7\ , . . . , VJj. be partial holomorphic 
connections for Ei along F , then, for any homogeneous symmetric polynomial <jj of 
degree d > n — p we have 



8. Index theorems for foliations and involutive closures 

Following the work |Suj and the articles |ABT] . |ABT2j . we know that the ex- 
istence of a partial holomorphic connection, thanks to Bott's Vanishing Theorem 
17.11 gives rise to the vanishing of some of the Chern classes of a vector bundle and 
therefore to an index theorem. In Section [5] we found a concrete realization of the 
Atiyah sheaf for the normal bundle of a foliation as a quotient of the ambient tan- 
gent bundle and we proved that the Atiyah sequence splits if there exists a foliation 
of the first infinitesimal neighborhood. In this section we state the index theorems 
that follow directly from our treatment. 

The simpler case is when we have a foliation of the first infinitesimal neighbor- 
hood; then we have a partial holomorphic connection on J\fr,M (Corollary I2.14j) 
and so, Bott's Vanishing Theorem fTheorem l7.ip permits us to prove the following. 

Theorem 8.1. Let S be a codimension m compact submanifold of a n dimen- 
sional complex manifold M . Let J 7 be a rank I foliation on S , such that it extends 
to the first infinitesimal neighborhood of S \ S(F), and let S(F) = Ua ^ a oe ^ e 
decomposition of S(F) in connected components. Then for every symmetric homo- 
geneous polynomial (j) of degree k larger than n — m — I we can define the residue 
Res^^F, Nf,m\ ^a) € H^in- m-fe)(S a ) depending only on the local behaviour of J 7 
and A/jp.M near Sa such that: 



where 4>{Mt,m) is the evaluation of <p on the Chern classes of Nf,m- 

Proof. If we denote by F the vector bundle associated to F we have that the 
virtual bundle associated with the sheaf J\[?,m is nothing else but [TM\s — F\s]. 
Now, outside the singularity set of F, this virtual bundle is a vector bundle on S 
and by Corollary 12. 141 it admits a partial holomorphic connection along T \ s\ Bott 
Vanishing Theorem tells us that for each <f> of degree k larger than n — m — l we have 
that the restriction of <j>(N?,M) to S\S(F) is represented by the form. Applying 
the localization process as in Section [7] the result follows. □ 

Using now the results of Section [5] we can prove a stronger result. 

Theorem 8.2. Let S be a codimension m compact submanifold of a n dimensional 
complex manifold M . Let F be a foliation on S and let £ be a rank I subsheaf of 
7s(i) that, restricted to S, is a subsheaf of F ■ Suppose moreover that it is S -faithful. 
Let E = S(F) U S(£ ) and let S = |k Sa be the decomposition of S in connected 
components. Then for every symmetric homogeneous polynomial cf) of degree k larger 
than n—m—l+\l/2\ we can define the residue ReScf,{£,]\fr,M', Sa) € ^2(n-m-fe)(^a) 
depending only on the local behaviour of F and Nf,m near Sa such that: 



where V* = (V 



0(Vt,...,V^)^O, 
•; 9) ,...,vf ),forj = l,...,k. 
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where 4>(Mf,m) is the evaluation of <p on the Chern classes of Mf,m- 

Remark 8.3. Please note that by Corollary 15.51 if £ is involutive the above holds 
with n — to — I instead of n — m — I + \l/2\ . 

Suppose now we have a foliation of M, transversal to S, 2-splitting submanifold 
of M, and suppose we have a first order ^-faithful splitting cr% outside an algebraic 
subset. Now, the foliation J 7 ' 72 is a foliation of the first infinitesimal neighborhood 
of S and by Theorem l8.ll we have the following. 

Theorem 8.4. Let S be a codimension m 2-splitting compact submanifold of a n 
dimensional complex manifold M . Let J 7 be a rank I holomorphic foliation defined 
on a neighborhood of S . Suppose there is a 2-splitting first order J 7 - faithful outside 
an analytic subset E of U containing 5(.F) n S and that S is not contained in E. 
Let E = (J. Ea be the decomposition of E in connected components. Then for every 
symmetric homogeneous polynomial cj> of degree k bigger than n — m — I we can 
define the residue Res^J 7 , Mf°,m\ Ea) G ifyn-m-fe) depending only on the 
local behaviour of J 7 and Mf".m near Ea such that: 

Vi?e,s (j-,7V>-.Af;EA) = / </>(A/>-.m), 

A J S 

where 4>{Mr° ,m) * s ^ e evaluation of <f> on the Chern classes of Mf.M- 

Remark 8.5. An interesting research path is to investigate the relation between 
Mp",M an d Mp |s- The motivation behind this question is easily seen: suppose M 
is a complex surface and J 7 is a dimension 1 singular foliation transversal to S, a 
2-splitting 1 dimensional submanifold. Suppose moreover that the sequence 

>■ T ^ Tm >■ Mr ^ 

splits when restricted to S. Suppose we have a first order ^-faithful splitting a* 
outside E; thanks to the splitting of S and the splitting of the sequence above a* 
induces an isomorphism between Afjr\s and My ,m outside the singular points of 
J 7 . Suppose J 7 admits an algebraic compact leaf L. If we denote by Ml the normal 
sheaf to this leaf we have that Ml = Mf \l and we have that 

f c x {N^m)= f d{Nj:\s)= f c x {N L ) = {L-S) 

J S J S J s 

is the intersection number between L and S. Therefore we could apply this test 
to foliations, getting informations on the intersection numbers of possible analytic 
leaves. 

The other results follow from the splitting of the sequence ([14)) studied in Section 
21 In case J 7 has rank 1 and we do not need to take care of involutivity we have 
the following consequence of 18.11 

Theorem 8.6. Let S be a codimension m compact submanifold splitting in an 
n dimensional complex manifold M , and suppose J 7 is a rank 1 holomorphic fo- 
liation defined on S. Suppose sequence \1A\ splits and let E = S('F) and let 
E = (J A Ea be the decomposition of E in connected components. Then for ev- 
ery symmetric homogeneous polynomial <f> of degree n — m we can define the residue 
Res^J 7 ,Mj^,m', Ea) G iJo(E Q ) depending only on the local behaviour of J 7 and Mf,m 
near Ea such that: 

V-Res (j-,A/>,A/;E A ) = / </>(A/>,m), 

A J S 

where 4>(Mj?,m) * s ^ e evaluation of cf) on the Chern classes of Mr,M- 
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Now, if T has rank I and we suppose its extension arising from the splitting of 
(fT4")l is involutive we have the following. 

Theorem 8.7. Let S be a codimension m compact submanifold splitting in M , 
n dimensional complex manifold, and suppose J 7 is a rank I holomorphic foliation 
defined on S . Suppose sequence (|14p splits and that the image of jF/V in JF is 
involutive. Let £ = S('F) and let £ = |h ^\ be the decomposition o/E in connected 
components. Then for every symmetric homogeneous polynomial <p of degree k larger 
than n — in — I we can define the residue Res^J 7 , Afj?,M] ^\) S ^2(n-m-fe)(^a) 
depending only on the local behaviour of J 7 and Nf,m near T,\ such that: 



where 4>{Mj=,m) is the evaluation of <fi on the Chern classes of Nf,m- 

In case we drop the involutivity assumption we have a weaker form thanks to 
Theorem 15.31 

Theorem 8.8. Let S be a codimension m compact submanifold splitting in M com- 
plex manifold of dimension n. Suppose J 7 is a foliation of S of rank I and suppose 
sequence (|14[) splits. Let £ = S('F) and let £ = (J A Y.\ be the decomposition of 
its singular set in connected components. Then, for every symmetric homogeneous 
polynomial <j) of degree k larger than n ~ m — I + \ l/2\ we can define the residue 
Res^^J 7 , A/jt,m; S q ) £ H2( n -m-k)(£>a) depending only on the local behaviour of J 7 
and A(f,m near S Q such that: 



where 4>(ATf,m) is the evaluation of <p on the Chern classes of Nf,m- 

In the case S has first order extendable tangent bundle the vanishing of the 
cohomology class associated to (fTl| follows directly from Corollary 14.101 but we 
cannot say anything about the involutivity of this extension. 

Theorem 8.9. Let S be a codimension m compact submanifold splitting in an n 
dimensional complex manifold M , and with first order extendable tangent bundle. 
Let T be a rank I holomorphic foliation defined on S. Let £ = ^(j 7 ) and let 
X = (h T,\ be the decomposition of E in connected components. Then for every 
symmetric homogeneous polynomial <f> of degree k larger than n — m — I + [l/2\ we 
can define the residue Res^J 7 , A/j=-,m; ^\) € ^(n-m-fe) (E Q ) depending only on the 
local behaviour of J 7 and Nf.M near £> such that: 



where 4>(ATf,m) is the evaluation of <p on the Chern classes of Nf,m- 

Remark 8.10. From the theory developed in Section [4] it seems likely that, given 
a foliation J 7 of the first infinitesimal neighborhood and an involutive subsheaf Q 
of rank I of T \ s this subsheaf extends to a subsheaf of J 7 , possibly non involutive. 
This does not give rise to new index theorems, but is indeed worth noting and 
investigating. 

Another interesting result following from our theory is obtained by defining, for 
a coherent subsheaf £ of 7s(i)> a natural object, its involutive closure, the smallest 
involutive subsheaf containing £ . Thanks to the machinery developed in Section [5l 
it is proved that the existence of £ gives rise to vanishing theorems for its involutive 
closure. 




A 





A 
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Definition 8.11. Let £ be a coherent subsheaf of 7s(i) such that £ \s is non 
empty. We denote by Sing(f) the set {x € S | 7s(i) I £ is no ^Os(i),x —free}. On 
S \ Sing(£) we define the involutive closure Q of £ in S to be the intersection of 
all the coherent involutive subsheaves of 7s containing £\s- 

Recall that the intersection of coherent subsheaves of 7s is again a coherent 
subsheaf of 7s; now, Q is involutive by definition and therefore gives rise to a 
foliation of S. Clearly, £ \s is a subsheaf of Q and we can apply Proposition 15.31 
getting the following result. 

Theorem 8.12. Let S be a codimension m compact submanifold of M complex 
manifold of dimension n. Suppose £ is a coherent subsheaf of 7s(i) °f rank I, 
whose restriction £ \s has rank I. Let Q be the involutive closure of £ in S . Let £ = 
S(£)L)S(Q) = [J a S Q be the decomposition o/E in connected components. Then, for 
every symmetric homogeneous polynomial <p of degree k larger than n — m — I + \ l /2J 
we can define the residue Res c j > (£\s,Mg,M'^a) ^(n-m-ijPa) depending only 
on the local behaviour of £ \s and Jsfg.M near E a such that: 

Res^,(£ |g, A/g.Mi Sq,) = / 4>(Afg.M), 
a J s 

where 4>(Afg,Ai) is the evaluation of <p on the Chern classes of J\fg,M- 
9. Computing the residue in the simplest case 

In this section we will compute the residue for a codimension 1 foliation of the 
first infinitesimal neighborhood of a codimension 1 submanifold in a surface. Let 
(t/i, x, y) be a neighborhood of in C 2 , let S = {x = 0}; let J 7 be a foliation of S(l) 
such that Sing(j r ) = {0} and let vbea generator of J"; that is a holomorphic section 
of 7s(i) with an isolated singularity in 0. Supposing J 7 reduced, from Section [B] and 
Remark 16.61 we see that this is assumption does not give rise to a loss of generality 
for our computation. 

Remark 9.1. Please note also that, if we denote by v an extension of v to U\ and by 
T the foliation generated by it, thanks to how we defined the holomorphic action 
and the theory developed for local extensions, the computation of this residue could 
be reduced to the computation of the residue given by the Lehmann-Khanedani- 
Suwa action of v on J\fjr\s, which can be found e.g. in Su Ch. IV, Theorem 
5.3]. 

We will, anyway, compute the index explictly in the framework we developed. 
Call Uq := Ui\{0}; with an abuse of notation we will also say M := U\. Let G be the 
trivial line bundle on S; we can see v\s as a holomorphic homomorphism between 
G and TS. On Uq we can see G as a subbundle of TM\s, moreover G embedded 
through v\s is nothing else that the bundle associated to J 7 ^- Therefore, we can 
speak of the virtual bundle [TM\s — G], which coincides, on Uo, with the normal 
bundle to the foliation .F|;y ns in the ambient tangent bundle TM\jj nSi denoted 
by Njt_m- Since the only homogeneous symmetric polynomial in dimension 1 is the 
trace we would like to compute the residue for the first Chern class of [TM\s — G], 
whose sheaf of sections is Mt,m- Being the first Chern class additive, we are going 
to compute c\{TM\s) — C\{G). If Uq is small enough, thanks to the embedding of 
G into TM\s we have that on C/ we can see TM\s as the direct sum G ® Njt : m- 
We are going to apply Proposition 17.61 to the following sequence: 

F\ UonS ^ TM\ Uo ns ^ Nj?, M ^ 0. 

We want to build on Uq a family of connections compatible with the sequence, so 
that Theorem 17.71 implies that ci(N :f> m) on Uq is 0. We proved that the existence 
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of a foliation of the first infinitesimal neighborhood gives rise to partial connection 
on Np t M- Now, thanks to Corollary 12.141 we can compute the actual connection 
matrix of this partial holomorphic connection on Nf,m and extend it to a con- 
nection on Nj: m> denoted by V. To build a family of connections simplifying our 
computations we take on Uq n S the connection V[f which is trivial with respect 
with the generator 1q of the trivial line bundle G. Since TM\s on Uq n S is the 
direct sum of G and Njt^m we let the connection for TM\s be the direct sum con- 
nection Vj) := V © Vq . Both Vq m and V^f are holomorphic connections along 
F, therefore we can apply Bott's Vanishing in the version for virtual bundles and 
obtain that a(Njr t M) s on Uq. 

In Cech-de Rham cohomology relative to the cover {Uq, Ui} the first Chern class 
of A/jr,M is represented as a triple (luq, wi, ooi), where ujq is the first Chern class of 
Mj:,m on Uq, cji is the first Chern class of A(f,m on U\ while coi is a 1-form, the Bott 
difference form, i.e., a 1-form such that wi — ujq = dijQi on Uq D C/i(for a complete 
treatment, refer to [Su ). Due to the additivity of the first Chern class, to compute 
the first Chern class of Nf,m we need to compute the first Chern classes of G and 
TM\s on U\ (we already know the first Chern class of J\f?,M on Uq is 0) and the Bott 
difference forms ci(Vq M , Vf M ) and ci(V[f, Vf ). On U\ we can take, again, as a 
connection for G the connection which is trivial with respect to the generator 1q 
of G: therefore ci(V^f , Vf ) = 0, since the connections for G on Uq and U\ are the 
same. On U\ we take as Vf M the d/dx, d/dy trivial connection; then ci(V^ A/ ) = 
and the problem reduces to compute the Bott difference form ci(Vq M , Vf M ). To 
compute it we need the connection matrix for Vq with respect to the frame d/dx, 
d/dy. First of all we compute the action of V on the equivalence class v — [d/dx] 
in Njr t M- The generator v of T is written in coordinates as 



where [.A] 2 belongs to Ts/T%. In the following, we shall denote by v$ the restriction 



of v to S; in coordinates we have that vs 
of F on Afjr^M, recalling Corollary 12. 141 

d 



V.sM = pr 



[A} 2 — + [B} 2 



[B]id/dy. We compute now the action 



d d 



dy' dx 
Since 







dA~ 




J- 


dx 



= [D-B] u 



We compute now the connection matrix for V. 

~ dA~\ d 
i = {[C]x -dx + [D]x- dy){[B] x —) 

it follows that the connection matrix is nothing else but: 

We have now all the tools needed to compute the connection matrix for V^ A/ : 



7 TM 



7 TM 



_0_ 

dx 

d_ 

dy 



dA 1 
~dx ' B 



dy 



= V 



1 

dB 



d_ 

dx' 



B 2 



dB 



B 



d_ 

dy' 



Thus the connection matrix has the following form: 
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We can compute now the Bott difference form. We consider the bundle TM x 
[0, 1] -> M x [0, 1] and the connection V given by V := (1 - t)W^ M + tWf M . The 
connection matrix for V is given by: 



(1-t) 



The curvature matrix for V is: 



dt A 



dA 1 
dx B 



dy 







<IB 
B 



dA 1 

da; B 



dy 



dtA 



(IB 
B 



The Bott difference form is given by 7r»(ci(V)) where 7r* is integration along the 
fibre of the projection ir : M x [0, 1] — > M. The Bott difference form is then: 

'1 dA] , rdB' 

So, the residue for c\{J\[^,m) m ^ s 
1 



2tt> 



■1 







'dA 


0BY 


/ 




v 9x 


dy J. 



dy. 



Remark 9.2. Already with slightly harder examples the computations of indices 
turn out to be really complicated; please note that while Remark |9. II tells us that 
in higher dimension the computation follows almost directly from known results it 
would be interesting to compute the indices when dealing with singularities that 
are not isolated. 



10. THE RESIDUE FOR THE SIMPLEST TRANSVERSAL CASE 

Let (U\,x,y) be a neighborhood of in C 2 , let S = {x = 0}. Let now v be a 
holomorphic section of 7m,S(i) with an isolated singularity in 0. As before, we call 
Uo ■= Ui \ {0} and M = U\. Please remark that we drop the hypothesis about v 
belonging to 7s(i)- We want to compute the variation index for such a foliation. 
Since the situation is local we can assume we have a local 2 splitting, first order 
^-faithful outside and that we are in a chart adapted to it and therefore we have 
a map Tm,S{\) to 7s(i)- Write v in coordinates as: 

Q Q 

v=[A(x,y)] 2 — + [B(x,y)] 2 —. 

Now we can write \A{x, y)] 2 — [p([A(x,y)]2) + R(x,y)] 2 , where pis the 9\ derivation 
associated to the 1-splitting induced by the 2-splitting; then, 

a*(v) = (p([A(x,y)} 2 )d/dx + B(x,y)d/dy. 

Moreover, we have a splitting a* : Tm,s — > 7s, givings rise on Uo H S to an iso- 
morphism between , the sheaf of germs of sections of the foliation generated by 
vs ■— v\s and the sheaf of germs of sections of T a . Now, the vector field 

w = [p([A(x,y)] 2 )} 2 d/dx + [B(x,y)} 2 d/dy 

is a section of 7s(i) i gi vm g rise to a foliation of the first infinitesimal neighborhood. 
We can now compute the index as in the former section: the residue for c\(Njz<r ^m) 
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is therefore: 



1 



{\y\=e} 



1 (d[p{[A] 2 )] 2 , 8B 
dy 
1 



B\ dx 
1 



1 



2 7 r v /3 T 



Remark 10.1. The term 



{M=e} 



9 2 A 



i /&4 as 

B\dx dy 



dB 
dy 



dy 



dy. 



dx 2 



in the last computation disappears since it belongs to Xg. 

11. A COUPLE OF REMARKS ABOUT EXTENDABILITY OF FOLIATIONS 

In this short section we would like to summarize some of the results of this pa- 
per, stressing their importance towards the understanding of the following problem: 
when is it possible to extend a holomorphic foliation on a submanifold S of codi- 
mension m in a complex manifold M to a neighborhood of S? Thanks to Theorem 
12.91 we know that, if there exists a rank I foliation of the first infinitesimal neigh- 
borhood, if we take any symmetric polynomial <fi of degree larger than n — m — I 
then 4>{J\[f,m) vanishes. Therefore, given a foliation T on S, the classes 4>(j\fr,Ai) 
are obstructions to find an extension to the first infinitesimal neighborhood, where 

is a symmetric polynomial of degree larger than n — m — I. In the splitting case 
we have much more information. As a matter of fact, if the sequence 

-> V -> T -> F/V -> 

splits on the first infinitesimal neighborhood of the zero section of J\fs we know that 
T can be extended in a non involutive way. Therefore, if S splits, the characteristic 
classes 4>{Nf,m) with cj> is a symmetric polynomial of degree larger than n — m — 

1 + U/2J are obstructions to find an extension of J 7 as a non involutive subbundle 
of 7s(i)- Known this, if the extension is involutive, also the characteristic classes 
4>{M^,m) with i> a symmetric polynomial of degree larger n — m — I and smaller 
than ji — tyl — I -\- \ l/2\ vanish. Therefore, in the splitting case, known that there is a 
non-involutive extension, the classes <P{Nf,m) where is a symmetric polynomial 
of degree larger n — m — I and smaller than n — m — I + \ l/2\ are obstructions to 
find an involutive extension. 

Another interesting remark can follow from a simple example; we look at the 
procedure we built in section U in the case we have a rank 1 foliation J 7 of a 
codimension 1 submanifold S in a complex surface M. We take an atlas adapted to 
S and T for the normal bundle {V^}, supposing (ITU) splits and also an atlas {U a } 
adapted to S and T for M; now, on the normal bundle in such an atlas we take as 
local lifts from JF /V to T on each V a the maps 

T a : d 2 ,a H> —-2, 
OZ a 

therefore, the obstruction to the splitting of the sequence is represented by {V a p,Tp — 
To}. Since the sequence splits we know there exists a cochain {V a ,a a } belonging 
to C°({V Q }, Hom^/V, V)) such that {V a/ 3, 073 — cr a } = {V al 3,Tf3 ~ r a }. The isomor- 
phism between F ~ V jF/V on Sncl) (the first infinitesimal neighborhood of the 
embedding of S as the zero section of the normal bundle) is then given on each V a 
by 

(v, w) H> v + T a (w) — a a (w). 
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Now, if the map a a is given in coordinates as c a ■ ui\ £§> d/dv^ the image of 82,01 is 
nothing else than 

d d 
dz% a dvl, ' 

Therefore, the local generators of the extension to the first infinitesimal neighbor- 
hood of the foliation JonM are given on each U a (modulo rescaling) by: 

d d 
dzl a dz\' 

As expected, recalling the computation of the residue in section |H] we see that, if 
T has an isolated singular point in U a , the computation of the residue depends on 
the function c a . 

All these remarks stress how extending a holomorphic foliation is an important 
global problem: the results of our paper show how this problem is strictly connected 
with the residues and the characteristic classes of Nf,m- 
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